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PKEFACE 

It has been held by some teachers that in the subject of elementary 
geometry no definite sequence need be universally established. 
On the other hand, practical difficulties have been found in the 
absence of a recognised order; and the matter has received 
definite treatment by the Incorporated Association of Assistant 
Masters in a Report on this subject, and also by the Scottish 
Education Department. 

To a great extent this text-book of Elementary Geometry has 
followed the lines laid down in these important Reports.. 

The authors have striven to make the subject simple as well as 
systematic. By introducing parallels as well as angles at the 
beginning it has been possible to lighten some of the work on con¬ 
gruence of triangles, equalities in a triangle, and inequalities of 
angles and sides. 

As in Elementary Geometry by the same authors, hypothetical 
constructions are used in the proofs of Theorems, e.g. the 
existence of the bisector of an angle is assumed before the 
student has been taught to bisect an angle. This allows of 
the Theorems iind Problems being arranged independently of 
one another, and gives considerable latitude in the proofs 
of Theorems. 

It is recommended that the Theorems and Problems in each 
Book should be taken side’by side as parallel courses. , 

The constructions are meant to be accurately drawn with 
instruments, Aid the methods employed are practical. 

Important riders are printed in prominent type, and in many 
oato hints for solution are given. 

T 
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Book II. ia concerned with properties of parallelograms, and 
areas of triangles, quadrilaterals and polygons; and in this, as in 
other Books, Constructions are given after the Theorems. 

Book III. deals with circles. 

Book IV. gives further instruction in areas, and applications of 
the theorem of Pythagoras.. 

Book V. treats of Proportion. Attention is called to incom¬ 
mensurable quantities; but Euclid’s treatment of such quan¬ 
tities is deferred till late in this section. ^ 

Books VI. and VII. are devoted to Solid Geometry; but 
teachers who wish to introduce their pupils to some notions on 
solid figures at an earlier stage will he able to make use of some 
parts of these two Books. 

There are numerous exercises, including some in Mensuration, 
interspersed, some easy enough to encourage the learner, some 
capable of testing ingenuity, and it is hardly too much to hope 
that some students, after success in these, may attack and solve 
some subsequent propositions without having seen more than 
the enunciations. 

W. M. B. 

A. A. B. 


The numbers at the ends of the Exercises refer to 
their Solutions in the Key to Baker and Bourne’s 
“Elementary Qeometry.” 
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EXPERIMENTAL (JEOMETRY FOR BEGINNERS. 

[Much of this chapter may Avith adrantage be read a second time con¬ 
currently with later parts of the book.] 

Instrumenta required: 

(1) Pair of compasses. 

(2) Set-square. 

(3) Protractor. 

(4) Graduated flat ruler, showing tenths of an inch on one 
side, centimetres and millimetres on the other. 

In working through this chapter, the piupil should not be 
supplied with any formal definitions. He should learn what 
things are by seeing them, so that he may; later on, more easily 
understand and assimilate the formal part of the subject. 

First let him, learn the meanings of the markings on the 
protractor and ruler. 


EXERCISES A. 

1. Take a cube, and see that it has three dimensions—length, 
breadth, and thickness. 

2. Consider a surface of the cube,—one of its faces—and >6 that 
it has only two dimensions,—length and breadth. 

3. Look at an edge of the cube,—a line—and see that it has but 
one dimension, viz. length, 

4. How many faces has a cube t 

6. How many lines are formed by the faces of a cube ?- 

6. We cannot with a pencil make a line—we only represent a 
line. Why 1 

7. What do we have wherq edges of a cube meet ? A point. What 
dimensions has it 1 

8. We cannot with a pencil make a point—we only represent a 
point. Why ? » 

9. Name the number of points that are formed by the intetseotione 
of the edges of a cube. 

8.0. A 
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10. What aro the boundaries of a solid figure, a eube, or a sphere, 
or a cone 1 

11. What are the boundaries of a surface t 

12., If wo join any two points in a flat surface—a plane—by a 
straight line, that straight line lies entirely in the plane. Does this 
happeA if we join any two points in a curved surface ? For instance 
the surface of a sphere, or cone ? 

Hence wo have a test for a plane. 

13. Take one face of the cover of a book to represent a plane. We 
see that it can bo made to turn about the lino where it is attached to 
the back. Use it to show that two intersecting straight linra lie 
in a plane. 

14. How would yon test whether a line was straight ? 

15. How can you tost your ruler to sec if it is straight ? 

16. How can you teat a surface to sec if it is flat ? 

17. What do you observe about the intersection of two flat surfaces, 
the intersection of two walls of the room, or the intersection of two 
faces of a cube ? 

18. Fold a piece of j)aper carefully: the crease forms a straight 
line. Why is this ? Test the fact. 


EYEBCISES B. 

1. Draw a straight line 3 inches long. Measure it in centimetres, 
and hence find the number of millimetres in an inch. 

2. Repeat the above with a straight line 4 inches long, and see 
if your answer is the same as before. 

3. Draw a straight line 6 centimetres long, measure iji in inches 
and tenths of an inch, and determine the value of a centimetre in 
inches. 

4. Repeat the process with a line 8 centimetres long, and see if 
your answer comes the same. In each of these two examples you 
should get your result to the nearest tenth of an inch. 

5. Draw a straight line 11-45 centimetres long, and measure it in 
inches. 

6. Make rectilineal figures (i.e. figures contained by straight lines) 
(1) of three sides (a triangle), (2) of four sides (a quadrilateral), (3) of 
five sidps (a pentagon), (4) of six sides (a hexagon), 

7. Make a curvilinear figure having one curve for'a boundary. 

8. Make a curvilinear figure having more than one curve for its 
^undaries. 
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ANGLES. 

If two lines AO and PO meet at a point 0, an angle is formed. 
It is called the angle AOP or POA. It does not matter in which 
of these two orders the letters are used, 
but the letter 0 mmt be put between the 
other two in naming the angle. For 
abbreviation we may write LAOP instead 
of “ the angle AOP.” 

Before explaining what an angle is, we 
shall find it useful to say what it is not. 

It is not an enclosed apace; so it cannot be measured in square 
inches or square feet. 

Its size does not depend upon the length of the lines which 
contain it. 

A notion of what an angle is may be got by considering the 
points of a mariner’s compass, and what amount of turning is 
required to change from facing in one direction to facing in 
another. 

Face East. , 

Turn until you face North. 

Then turn until you face West. 

Turn farther to face South, and farther until you face East again. 

By a succession of turns you have got back so as to face in the 
original direction. 

The direction in which you originally faced and the direction 
when you face West are opposite to each other. They are in a 
straight line. 

To measure the angle AOB we have to consider what amount of 
turning ftund O is required to move a line from the position OA 
into the psition OB. 

On a fiat board rule a straight line AOB. At O attach a fine 
thread, which may be of any length. It may be attached by 
fastening it in a small hole made in the board at 0. 

The thread may be held at first so as to lie along OA. It is 
then turned round 0, being kept tight all the time, till it lies 
along OAj. From that position it may be turned till it lies 
along OA,, having thus traced out the angles AOA,, AjOA, in 
succession. 

. When half-^ay between OA and OB it lies along 00 and has 
traced out the angle AOC, which is called a right angle. 

Move it further till it lies along OB in a straight line with its, 
finSt position OA. 
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When the thread has gone from its first position completely 
round, so as to be in its first position again, it has made one 
revolution. The angle which has 
been traced out is 4 right angles. 

Half "a revolution (or 2 right 
angles! would bring it into a 
straight line with its original direc¬ 
tion. Thus a revolution means 
turning through 4 right angles, 
and a quarter of a revolution is 
equivalent to turning through one 
right angle. 

The tracing out of an angle 
may be illustrated on the face 
of a clock. 

In a quarter of an hour the 
long hand moves through a right angle. In half an hour it 
moves through 2 right angles, and then occupies a position 
exactly in a straight line with its position at the beginning of 
the half-hour. . 

As the long hand describes a right angle in 15 minutes, the angle 
described by it in 5 minutes must be y, or J of a right angle. 

Vertically opposite angles. 

If two straight lines AB, CD intersect at E, the angle AEC is 
said to be vertically opposite to the angle BED, and the angle 
CEB vertically opposite to the angle DEA. 

A straight angle. 

When AO and OB form a straight line, the angle AOB is called 
a straight angle. 

Let 00 be at right angles to AOB. The q 

angle AOB is traced by a line revolving from 
OA into the position OC and further revolv¬ 
ing from OC to OB. 

Thus the whole angle AOB is formed by a_„ 

adding the angle COB to the angle AOC. O " 

the straight angle AOB = angle* AOC -I- angle COB, 

• i.e. a straight angle=two right angles. 

A degree is of » right angle. That is to say if a right angle 
were divided into 90 equal angles, each of these parts womd 
Jje a degree. 
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To denote fractions of a degree we use minutes and seconds. 

A right angle contains 90 degrees (written 90°). 

A degree „ 60 minutes ( „ 60'). 

A minute „ 60 seconds ( „ 60"). 

What is the angle between the long hand and the short hand 

of a clock at 9 o’clock, if we reckon from the long hand' in the 
direction in which movement takes flace ? Three right angles, 
not one right angle. 



The figure shows two forms of protractor. The object of 
either is to measure an angle between two given straight lines. 
To measure an angle PQR place along QP the edge of the protractor 
so that the central mark A is exactly at Q and the ^aduation 
marked 0 is on the line QP. 

Observe where the line QR crosses the graduated edge, and 
read off the number of degrees marked on the protractor at that 
point. If PQ be produced to S the angle RQS is the supplement 
of PQR (i.e. /. RQS + L RQP = 180°); but as one of these angles is 
less than 90° and the other greater, you will have no difficulty in 



reading the one which is required, though the graduations of some' 
prgtractors are so marked as to show both of these angles. For 
instance you may find 130° and 60° marked at the same pointy 
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but, if it is' an acute angle which you are measuring, you know 
that the 60° is the result which you require. 

In some positions of the angle you may find it more convenient 
to begin your measurement from the line QR, that is you will 
put the edge of the protractor along QR and read ofi the mark 
where QP crosses the graduated scale. 

EXERCISES G. 

Measurement of Angles. 

Mention the size of the angle between the hands of a eloek at the 
following hours, reekoning from the long hand in the direction of 
clock-movement: 

1. 3 o’clock. 2. 6 o’clock. 3. 9 o’clock. 4. 1 o’clock. 

5. 2 o’clock. 6. 7 o’clock. 7. 5 o’clock. 8. 10 o’clock. 

9. How many degrees does the long hand of a clock turn through 
in an hour, 20 minutes, half an hour, 40 minutes } 

10. How many degrees does the short hand of a clock turn through 

in an hour, J hour, | hoar ? ^ 

11. Measure the angles of your set-square. 

12. Draw an angle ABC, and with centre B describe a circle cutting 
BA and BC at A and C. With centres A and C describe two more 
circles with equal radii cutting one another at D. Join BO, and measure 
the angles ABD, CBD. See that we thus have a geometrical method 
for bisecting an angle. 

13. With your protractor, make two separate right angles: out 
them out, and by placing one upon the other, test their equality. 

14. Take a piece of paper with a straight edge. Fold‘along this 
edge, t.e. so that one part of this edge lies on another part of it, and 
measure the angles formed^^by the crease and the edge. 

16. Hence find out an experimental method of drawing a right angle. 

18. Draw a straight line on a piece of paper, and fold about it. 
Fold the paper again along this crease, and having opened the paper 
again, measure the angles between the creases. Hence devise an 
experimental method for drawing a straight line at right angles to a 
given straight line at a given point in it., 

17. Employ your ruler and set-square to draw a straight line at 
right angln to a given strai^t line. Test your result. 

18. Bisect a right angle by folding. How do you know that the 

an^e is bisected ? ^ 

r 19. Draw any angle on paper, out it out, and bisect it by folding. 
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20. Draw an angle of 60°, and an angle of 120°: out them out, fit 
them together and see that when thus fitted, two of the bounding 
ed^ are in a straight line. 

Do the same with angles of 35° and 146°; also with angles of 30° 
and 160°. 

21. Draw two straight lines intersecting one another. Meesure 
two adjacent angles. What do they together come to ? Do this 
experiment with several pairs of straight lines. What do you find out ? 

22. Make an angle BAG equal to 60°, and make AB equal to AC. 
Join BC, and measure the angles at B and C. 

23. The shortest distance between two points is obviously the 
straight line joining them. Deduce a fact about the sides of a triangle, 
and verify it by making triangles and measuring. 

24. Try to make a triangle whoso sides are 4, 6, and 9 centimetres 
long. 

26. Make a triangle and measure all its angles in degrees. Add 
them together. Do this for several triangles. What do you discover ? 

Make a triangle, and cut off all its angles. Fit them together, and 
see that they together make two right angles. 

26. Another method. Draw a triangle A^C. Produce AB both 

ways. Rotate this line about the point A till it lies along AC. Then 
rotate it about C till it lies along 
CB, and finally about B till it lies 
along BA, as shown by the arrows 
in the figure. See that a pencil 
started thus I ~> . finishes 

up thus I , pointing the 

other way. The pencil has turned 
through fpvo right angles, and, in 
doing so, has turned through the 
three angles of the triangle. This 
suggests that the throe angles of a triangle are together equal to two 
ri^ angles. 

27. Draw a quadrilateral, and measure all its angles in degrees. 

Add them together. What do you see! ■ • 

28. Do the above experiment by cutting off all the angles of a 
quadrilateral and fitting them together, 

. 29, Draw a straight line AB, and make the angles ABC, BAC each 
equal to 46°. Measure the angle ACB. What should it be, arid why f 

30. Take any* triangle ABC. Draw the line bisecting the angle A. 
Draw the perpendicular from A to BC. .loin the point A to the middle 
point of BC. There are three different lines. In what sort of triangle 
are'they all the same ! 
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31. .Toia all the ^rtices (angular points) of a triangle to the middle 
points of the opposite sides. Do they form a triangle ! Measure the 
parts into which they divide each other. What do you find out ? 

32. .Take any triangle ABC. Produce BC to D, and measure the 
angles ABC, ACD. Which is the greater ? 

33. Try this with several triangles of different shapes. 

34. Make a triangle ABC mth AC equal to BC. Produce AC to D, 
making CD equal to AC. Join BD, and measure the angle ABD. 

Construction of triangles with given parts. 

(See Book I. Propositions 9-14.) 

35. Construct a triangle two of whose sides are 6 cm., 4 cm., the 
angle between them being 40°. 

36. Repeat this, and see whether this second triangle is equal in all 
respects to the first. 

Figures which are equal in all respects are called congruent. 

37. Construct a triangle with sides 1-4, 1-6, 2-1 inches. Docs the 
order in which you take^the sides make any difference ? 

38. Construct a triangle with a side 2 inches long, and with angles 
33° and 55° adjacent to it. 

39. Repeat this construction, and convince yourself that the triangle 
obtained is congruent with the previous one. 

Examples of this sort may be used to lead beginners to anticipate 
the truth of the propositions which prove the congruence of 
triangles under certain conditions. 

EXERCISES D. 

1. Placing your ruler on paper, draw lines along its edges. These 
lines are parallel, i.e. if you produce them cither way in the plane 
of the paper, they will never meet. Test this. 

, 2. Can two straight lines be such that they will never meet however 
far we produce them, and yet not bo parallel ? 

Point out two lines in the room which never meet and yet are not 
parallel. 

3. Draw two parallel straight lines with your set-square and ruler. 

4. Draw two parallel straight lines, AB, CO. Draw,^nothor straight 
line cutting them at E and F. Measure the angles AEF, BEF, DFE, CFE. 
Do this in several cases and deduce a general theorem. 

Measure the other angles which the straight lines make with .ene 
another, and deduce further results. 
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6. Draw two parallol straight lines, with another straight line EF 
cutting them. Cut out the figure along the parallel lines and along 
the line EF. Fit the pieces together, and so prove that if a straight 
line meets two parallel straight lines, it makes the alternate angles 
equal. 

6. Find otfier equal angles in the above case. 

7. Draw two parallel straight linos, and make them equal in length. 
Join their ends (not the opposite ends), and sec that tho joining linos 
are equal and parallol. 

8. Draw a rectangle (a four-sided figure which has all its angles 
right angles). Cut it out, and also cut it along a diagonal. By super¬ 
imposing, sec that the two triangles so obtained are equal in all respects. 

Do the same with a parallelogram (a four-sided figure whose opposite 
sides are parallel). 

9. Show that tho diagonal does not bisect the angle unless the sides 
are ail equal. 


mBCISES E. 

1. Draw a triangle whose sides are 2, S, aifrl 4 inches long. 

2. Draw a triangle whoso sides are 3, 4, and !i inches long. Measure 
its greatest angle. 

3. Draw a triangle whose sides are 6, 8, and 10 centimetres long. 
Measure its greatest angle. 

4. Draw a triangle whose sides arc 4-0, 6, and 7-5 centimetres long. 
Measure its greatest angle. 

5. Draw a triangle whose sides are 1-5, 2, and 2-6 inches long. 
Measure ite greatest angle. 

6. From the above four examples, see that a triangle whose sides 
are 3, 4, and 6 units long (or any multiple of these lengths) is right- 
angled. 

7. Prove the same for triangles whose sides are 6, 12, and 13 units 
long. 

8. Prove the same for triangles whose sides arc 7, 24, and 26 units 
long. 

9. On squared paper make a right-angled triangle, taking the sides 
AB, AC along printed lines. Measure three sides, and see that 
AB*t-AC®=BC’.» Do this for several triangles. 
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EXERCISES F. 

. 1. Draw a circle with a radius of 2 inches, and place in it a chord 
3 inches long. 

2. Describe a circle and place in it chords AB, BC, CD, etc., each 
equal to the radius. Do this all the way round the circumference, 
and see what sort of figure you obtain. 

3. Draw two diameters of a circle at right angles to one another, 
and join their extremities. Measure the sides and angles of the 
quadrilateral you thus obtain. 

4. If a straight line cuts a circle at all, it generally cuts it at 
two points. Take AB a diameter of a circle, and at A draw a straight 
line at right angles to AB. (This is easily done if you remember that 
a triangle whose sides are 3, 4, and 6 is right-angled.) What do you 
see about this line ? Such a line is called a tangent. 

5. With a centre A describe a circle, and take any point B outside 
it. On AB as diameter, describe another circle cutting the first at D 
and E. Join BD, BE. What do you see about these lines ? Measure 
them. Join DE, and measure the parts into which it is divided by AB. 

6. Draw a straight lino AB. With centre A and radius AB describe 
a circle. With centre B and radius BA describe another circle cutting 
the first circle at C and D. Join CA, CB. Measure the sides of the 
triangle ABC. You will find them cqnal. Give reasons for this. 
Do the same for the triangle ABD. 

7. Do the same as in the above problem, and join CD, cutting 
AB at E. Measure AE and BE, and see that wo thus have a method 
for bisecting a given straight line. 

8. Take a straight line AB, and with centres A and B and any 
radius describe circles cutting one another at C and D. Join CO, 
and see by measurement that it bisects AB. Will any radius do ? 

9. Draw a straight line 3 inches long, and on it describe an equi¬ 
lateral triangle. See Def., p. 22. 

10. Draw a straight line 4 centimetres long, and on it describe an 
isosceles triangle, whose other sides are 5 centimetres long. See Def., 
p. 22. 

11. Make an isosceles triangle whose vertical angle is 40°. 

12. Makp several equilateral triangles, and measure all their angles. 
What do you discover about all eqrdiatdtal triangles ? 

13. Make an isosceles triangle and measure the angles at the base. 
Do this \oT. several triangles. What do you discover % 

14. Make an isosceles triangle, and produce the equal sides. Measure 
Uie angles on the other side of the base. Do this fot several triangles. 
What do you find out t 
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15. Make a triangle ABC having AB equal to 3 inohe# AC equal 
to 2 inchea, and the angle BAC equal to 45°. Make another triangle 
in exactly the same way. Cut the triangles out; fit them together, 
and see that they may be made to coincide, i.e. to fit exactly upon 
one another. 

16. Make another pair of triangles in the same way with fresh 
measurements. I'it them together and deduce a general theorem. 

17. Make a pair of triangles with sides of 6, 6, and 7 centimetres. 
Kt them together, and see that they may be made to coincide. 

So this with other pairs of triangles, and deduce a general theorem. 

18. Make a triangle two of whose angles are each equal to 66°. 
Measure the sides opposite these angles. 

Make other triangles each having two equal angles. In each case 
measure the sides opposite the equal angles, and deduce a general 
theorem. 

19. Make a triangle ABC, and take any point D within it. Join 
AD, BD. Measure AC, BC, AD, BD, and see that in every case AC+BC 
is greater than AD +BD. 

20. In the above case measure the angles ACB, ADB, and see that 
in every case the angle ADB is greater than the»angle ACB. 

21. Make a triangle ABC right-angled at C. Take D the middle 
point of AB, and join CD. Measure DA, DB, DC. What do you see t 

Do the same for several right-angled triangles, and deduce a general 
theorem. 

22. Draw a triangle whose sides are 2, 2-6, and 3 inchea long. Take 
the middle points of its sides, and by cutting along the lines joining 
these middle points divide the whole triangle into four. Fit these 
triangles together, and discover something. 

Sec if this is true for all triangles. 

EXEBCISES a. 

1. Describe a circle, and a quadrilateral with its angular points 

on the circumference. Measure two opposite angles, and add them 
together. Do this with several circles. What do you discover ? ^ 

2. Describe a circle, and draw any chord AB. Take C and D any 
two points on the circumference and on the same side of the line AB. 
Join CA, CB, DA, DB. Measure the angles ACB, ADB. What do you 
find 1 Take another point E, still on the same side of AB, and measure 
the angle AEB. Wha^ theorem do you thus establish ? 

3. Draw two circles cutting one another, and join their common 
points. Measure the angle between this line and the line of centres. 
Also measure the parts into which the common chord is divided by 
the'line of centres. 
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4. Takl C any point in a straight line AB. With centre A and 
radius AC describe a circle. Also with centre B and radius BC describe 
another circle. What do you notice about the circles ? 

6. Take any point C in a straight line AB. With centre A and 
radius AB describe a circle, and with centre C and radius CB describe 
another circle. What do you see about the circles 7 

6. What do you find from the two previous e.\crcises 7 

7. Draw a circle from a centre O, and take any chord AB, not 

passing through 0. On the circumference take a point C on the same 
side of AB as the centre. Join OA, OB, CA, CB. Measure the angles 
AOB, ACB. What do you discover 7 < 

Do a similar experiment with dilferent circles. 

8. Describe a circle, and a diameter AB. Take any point C on 
the circumference, and join CA, CB. Measure the angle ACB. Take 
another point D on the ciieumfercnce, and measure the angle ADB. 
What do yon discover 7 


EXERCISES H. 

, Folding. 

1. Repeat Exercises 0. 14, l.'i. 

2. Repeat Exercises C. 16, 17, 18. 

3. Take any piece of paper, and by folding it make a right-angled 
triangle. 

4. With any piece of paper make an isosceles triangle by folding. 

5. Draw a straight lino AB, and take C any point in it. By folding, 
find a straight line through the point C at right angles to AB. 

6. Draw a straight line AB, and take C any point without it. By 
folding obtain a straight line through the point C at right angles to AB. 

7. Fold a right angle, one leg to the other: open it, and fold the 
vertex to any marked point in the crease. You can thus got a square. 
Verify this by measurement. 

■ 8. Fold similarly any other angle, and get a rhombus, or diamond. 

Measure the parts of the diagonals of this rhombus, and the angles 
between them. What do you discover 7 

9. Take any piece of paper and by folding obtain two parallel 
straight linos. 

10. Take any piece of paper and make a rectangle by folding. Mark 
its angular points. 

11. Take any piece of paper, and by folding, make a parallelogiam. 
Mark its angular points. 
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EXERCISES K. 

Use of squared paper. 

(The most oonTonient paper is that ruled so os to show tenths of 
an inch. Lines an inch apart should be in a different colour from 
the others.) 

1. Draw various rectangles and count up the little squares. Count 
up also the divisions in the length and height, and deduce that the 
area of a rectangle=lengthx height. 

2) Draw various triangles, and count up the number of little squares 
they contain (counting as 1 square a piece greater than half a square, 
and omitting portions less than half a square). 

Then count up the number of divisions in the base and height, and 
deduce that 

the area of a triangle = J base x height. 

3. Draw two parallelograms on the same base and of the same 
height. By counting the littie squares show that their areas are equal. 

4. Do the same with parallelograms on qgnal bases and having 
equai heights. 

5. Do the same with triangles. 

6. Draw a parallelogram and a triangle on the same base and of 
the same height. By counting squares, show that the area of the 
parallelogram is twice the area of the triangle. 

7. Draw a right-angled triangle (making two sides along the 
printed lines), and describe squares on its sides. Bind their areas 
by counting up the little squares, and thus see that the square on 
the longest side (the hypotenuse) is equal to the sum of the squares 
on the othbr sides. 

8. Make a wet ink-mark on the rim of a penny, and roll the 
penny along a printed line. In this way measure the cheumferenoe 
of the circle. Measure also the diameter of the penny. 

Divide the circumference by the diameter. 

9. Try other coins, and thus sec that 

Circumferencediameter is always the same. 

10. Draw a circle with a Biameter along a printed line. Mark a 
chord along a printed line at right angles to the diameter. See that 
it is bisectM by Jhe diameter. Do this with several circles andr chords.' 

U. Take any two points where minted lines meet, and join them. 
With the help of your compasses, but without using youi ruler, find 
Iheleimai of the line joining the points. 
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12. A man travela 2 miles West, and then 3 miles North; how far 
is he then from his starting point ? 

13. A man travels 1 mile East, then 2 miles North, then 3 miles 
West, then 5 miles South, and then 1 mile East. How far is he then 
from his starting point ? 

14. A path goes straight for 3 yards, then 8 yards to the loft at 
right angles, and then straight to the point midway between the start 
and the first turn. Find the length of the path. 

16. If a ladder is 10 feet long and has its foot 6 ft. from a vertical 
wall, how high up the wall does it reach !l 

16. Cut out a figure consisting of two unequal squares with an 
angle of one adjacent to an angle of the other, liy two cuts divide 
the paper into three pieces which will fit together and form a square. 

' 17. Desoribe a circle with a radius of 2 inches, and take a point C 
1 inch from its centre. Through C draw any two chords DCE, FCH. 
Measure CD, CE, CF, CH in inches. Multiply the lengths of CD and CE 
together, and also the lengths of CF and CH. What do you notice 
almnt the products ? Do this with other circles. 

« 

18. On a line AB 4 inches long as diameter describe a circle, and 
in AB produced take a point C, 1 inch from B. From C draw two 
straight lines CDE, CFH, cutting the circle at D, E, F, H. Measure 
CD, CE, CF, CH. Multiply the lengths of CD and CE together, also 
the len^hs of CF and CH. What do you notice about the products ? 
Do this with other circles. 

19. A seesaw 10 feet long rests on a pivot 4 feet high. It starts 
in a horizontal position. Through what angle will one half turn before 
reaching the ground ? How hi^ can the other end go ? 

20. Draw a square whose diagonal is 2 inches, and desoribe equilateral 
triangles on its sides externally. Prove by measurement that a square 
is formed by joining the vortices of the triangles. 

21. A rope runs from the summit of a fiagstaS 24 ft. high to a point 
'on the ground 10 ft. from the foot of the fiagstaS; find its length. 

22. A wall is 24 ft. long and 7 ft. high. Draw it, using .^th of an 
inch to represent a foot. What is the.distanee from the top of one 
end to the bottom of the other ? 

23. From a sheet of squared paper out out a rectangle ABCD 3 inohes 
by 4 inches. Fold it so that the point A falls on the point C. Measure 
the angle between AC and the crease, and also measure the length 
of the crease. 



EXPERIMENTAL GEOMETRY. 


16 


EXERCISES H. 

Areas. 

1. Draw a rootariglo whoso area is 6 squat® inches. 

2. Draw another rectangle of the same area but of a different shape. 

, 3. Draw a rectangle, and on the sanys base draw a parallelogram 

of the same altitude. By eutting and superimposing, prove that the 
areas of the two figures are equal. What do you conclude as to the 
area of a parallelogram 1 

Draw a parallelogram ABCD, and join AC. By cutting and 
superimposing, see that the lino AC bisects the parallelogram. Using 
the previous exercise, what do you discover about the area of a triangle ? 

6. Draw a rectangle whoso area is 4’8 sq. inches. 

6. Draw another rectangle of the same area but of a different shape. 

7. Take any triangle, and fold the base upon itself, so as to get 
the perpendicular from the vertex to the base. Open the triangle, 
and fold all three comers to the foot of this perpendicular. Hence 
deduce that the area of a triangle is equal Jo one-half the product 
of base and perpendicular. (Why is the folded figure a rectangle t) 

8. By means of the same experiment prove that the three angles 
of a triangle are equal to two right angles. 

9. Also by the same experiment prove that the lino joining the 
middle points of two sides of a triangle is parallel to the third side. 


EXERCISES N. 

Symmetrical Figures. Lines of Symmetry. 

We call a figure symmetrical if, by one folding, we can get the 1^- 
hand side to coincide with the right. 

1. Make an isosceles triangle, and prove that it is symmetricai 
Its line of symmetry is a bisector,—of wiiat f 

2. We call two points images (each of the other) with remiect 
to a line when a folding about that line brings them together. They 
are evidently equidistant from the crease. (What is meant by the 
distance of a point from a line ?) 

3. The join pf a point and its image is perpendicular to'the line 
of folding. VerKy thhi by measurement. 

In folding a symmetrical figure, the crease is called a line of symmetry, 
or An axis. 
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4. Make a symmetrical triangle, and mark its axis. 

5. How many axes has an equilateral triangle ? 

6. Is a rectangle synametrical about a diagonal! Is it symmetrical 
about any line ? 

7. In a previous exercise you have seen that the diagonal of a 
Mrallelogram divides it into two triangles which are equal in all respects. 
Is a diagonal a line of symmetry ? 

8. Cut out a parallelogram and see if you can discover a line of 
symmetry. Investigate the case of a rhombus. See Def., p. 61. 

9. Describe a circle, and fold it about any diameter. What do 
you discover as to lines of symmetry ? 

10. Prove, by folding, that if a diameter of a circle is at right angles 
to a chord, it bisects that chord. 

11. Also sec that the converse is true, viz., if a diameter of a circle 
bisects a chord, it is at right angles to it. 

12. Make a regular hexagon. Find out how many axes it has. 

EXEECISES P. 

Similar Figures. 

1. Draw a triangle ABC, and a line DE parallel to BC, cutting 
AB at D, and AC at E. By measurement, or otherwise, ascertain that 
the two triangles are equiangular. (What does equiangular mean ?) 

2. Cut out a triangle whose sides are 3, 6, and 7 inches. Also 
one whose sides are 3, 6, and 7 centimetres. By superposition see 
that the triangles are equiangular, and therefore of the same shape. 
We call mch inangles similar. 

3. Cut out triangles whose sides are 2, 3, 4 inches and 4, 6, and 
8 inches. See by superimposing, that they are similar. 

4. A triangle has sides of lengths 3, 4, 6 feet. A similar triangle 
has its longest side 12 feet long. Find the lengths of its other sides. 

5. All equilateral triangles are similar. Prove this experimentally. 
"; 6. Take any triangle ABC, and draw DE parallel to BC, cutting 
AB at D, and AC at E. Prove by measurement that ^=;sic‘ 

' 7. In the above, prove that 

8. Ifraw a straight line ABC, so that AB=1 inch, ^4BC=2 inches. 
Draw any other straight line AD. Join CD, and draw BE parallel to 

CD, meeting AD at E. Find the value of the fraction 
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9. Devise a method for dividing a straight line into 5 equal parts. 

10. Divide a given straight line in the ratio of 3 to 4. 

11. Divide a given straight lio^ in the ratio of 4 to 5. 

12. A rectangle ABCD whose sides are 3 and 4 feet long is folded so 
that the point A falls on the point C. Find the length of the crease. 

13. DE is drawn parallel to the side BC of a triangle ABC, cutting 
at 0 in the ratio of 3 to 4, and AC at E. Find hy measurement 

the ratio of AE to EC. 

14. Do the same for anotlier triangle when D divides AB in the 
'atio of (1) 3 to 6, (2) 5 to 7, (3) 3 to 8. What do you deduce ? 

15. What relation do you establish about such triangles as the above ? 

16. On^ squared paper make two similar parallelograms. 

17. On squared paper take two similar triangles. (Take the angular 
Joints where printed lines cross one another.) Find the ratio of their 
ireaa. 

Do this with several pairs ol triangles, and hence prove that the areas 
rf similar triangles are in the ratio of the squares of their corresponding 
ides. (Corresponding sides arc sides opposite equal angles.) 


an. 


B 
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DEFINITIONS. 

[The4efiiution3 should not bo learnt en btoCf but only as required 
in the propositions.] 

1. The volume of a body's the amount of space it occupies. 

A volume has length, brtadth, and height, and is therefore 
said to be of three dimensions. 

■ 2. The surface of a body is the boundary which separates 
it from the res^t of space. * 

A surface has length and breadth, but no height or thickness. 
It is therefore said to be of two dimensions. 

3. The intersections of surfaces are called lines. 

A line has length, but no breadth or thickness. It is therefore 
said to be of one dimension. 

4. The extremities of any portion of a line, or the intersections 
of lines, are called points. 

.A point has neither length, nor breadth, nor thickness. It is 
therefore said to have no dimensions. 

We can represent a line by a fine pencil mark, but we cannot 
actually draw a line, for we cannot make a pencil mark which 
has no breadth or thickness. 

In the same way we can represent a point by a dot, or by the 
prick of a needle on a piece of paper; but we cannot actually 
draw a point, for we caimot make a mark which has absolutely 
no dimensions. 

6. A straight line is a line which lies evenly between its extreme 
points. _ . 

We see, therefore, that the shortest distance between two 
points is a straight line. 

6. 4 enrve, or curved line, is a line which is neither straight 
nor miuie up of strhight lines. 
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7. A plane, or a plane surface, is a surface in which, any two 
points being taken, the straight line between them lies wholly in 
that surface. 

8. Any collection of points, lines, or surfaces, is called a figure. 

9. Xet a straight line rotate in a plane about the point 0; 
and let it, starting from the position OA, move into the position 
OB, as shown in the figure. The amount of turning which the 
line has done in moving from the position OA to the position OB 
is called a plane angle, or shortly, an angle. 

The angle is denoted by the letters AOB. 

The point 0 is called the vertex of the angle. 

The straight lines OA, OB are oallefl the arms 
of the angle; and they are said to contain the 
angle AOB. 

The beginner must carefully notice that the 
size of an angle in no way depends upon the lengths of its arms. 



10. When three straight lines OA, OB, OC are drawn from 
a point, as in the fimre, the angles AOB, BOC 
are said to be adjacent angles. 

In the above figure, when the straight line OA 
rotates from the position OA into the position 
OC, it rotates further than when it rotates from 
the position OA into the position OB; and hence 
the angle AOC is said to be greater than the 
angle AOB. 

Also the angle BOC is said to be the difference of the angles 
AOC, AOB. 

If four straight lines OA, OB, OC, OD meet 
at a point 0 (see figure) we see that (1) the 
angle AOD is equal to the sum of the angles 
AOB, BOC, COD; (2) the angles AOC, COD 
are equal to the three angles AOB, BOC, COD, 
and so on. 




If two straight lines AB, CD intersect at 0, 
the angles AOC, BOD are said to be vertically 
opposite angles. ’ q. 




11." When one straight line standing on another straight line 
makes the adjacent angles equdl to onq another, each of the 
angles is said to be a right angle, and the straight line standing 
on the other is called a perpen£cular to it. 
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As OC rotates from the position OA to the position OB, the 
angle AOC continually increases, and the 
angle BOC continually decreases: thus we 
• see that in only one position of OC are the 
adjacent angles AOC, BOC equal. Therefore 
through a point in a straight line, one, and ^ 
only one, straight line can be drawn .per- — 
pendicular to that straight line. 

If AOB be a straight line, and OC rotate from OA to OB, in the 
direction shown by the arrow-head in the 
figuroi it is evident that there must be a 
position of OC in which the angle AOC is 
equal to the angle BOC. When OC is in that 
position each of the angles AOC, BOC is a 
right angle. , 

It is generally assumed that all right angles 
are equal, but it is capable of proof as follows. 

Let ABC, DEF be right angles. 

Apply the angle DEF to the angle ABC, so that the point E 
falls on the point B, and the straight lini» EF falls along the 


straight line 6C. Also let the straight line ED fall on the same 
side of BC as BA. 

Then if ED does not fall along BA, we shall have two straight 
lines at right angles to BC at the same point, which is impossible. 
Therefore the right angles ABC, DEF coincide and are equal. 

12. An obtuse angle is greater than a right angle. 

13. An acute angle is leas than a right angle. 

14. A circle is a plane figure contained by one line called the cir¬ 
cumference, and is such tW all straight lines 
drawn from a certain point within the figure 
to the circumference are equal to one another. 

This point is called the centre of the circle. 

A pomt is saidt to be on the circle when it 
lies on the circumference. 

A point is said to be within the circle when 
it lied within the circumference. 
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16. A radius df a circle is a straight line drawn from the 
centre to the circumference. 


16. A diameter of a circle is a straight line 
dra^n through the centre of the circle, and 
terminated both ways by the circumference. 



17. A semicircle is the figure bounded by 
a diameter of a circle and the part of the 
circumference which it cuts off. 


18. Rectilineal figures are such as are bounded by straight 
lines. 

19. A triangle, or trilateral figure, is contained by three straight 
lines. 

Any one of the'angular points of a triangle may be called 
a vertex, and the opposite side is then called the base. If two 
sides are mentioned, the third side is called the base. 

20. A goadrilateral is a plane figure bounded 
by four straight lines. 

A straight line joining opposite angular {X)ints 
of a quadrilateral is called a diagonal. 


21. A polygon is a plane figure contained 
by more than four straight lines. 

A convex polygon is one in which each 
interior angle is less than two right angles. 


22. An equilateral triangle is one whose three sides 
are equal. 


23, An isosceles triangle is one which has two equal 
sides. 

24. A scalene triangle is one which has three unequal sides. 
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2S. A right-angled triangle is one which has a right angle. 

The side opjMsite the right angle in a right- 
angled triangle is called the hjrpotenuse. 


26. An obtuse-angled triangle is one which 
has an obtuse angle. 


27. An acute-angled triangle is one which has three acute 
angles. 

28. A magnitude is said to be bisected when it is divided into 
two equal parts. 

29. The bisector of an angle is the straight line which divides 
it into two equal angles. 




PROBLEMS (OR CONSTRUCTIONS) AND THEOREMS, 

Propositions arc either Problems or Theorems. 

In a problem something is required to be done or made ; e.g. 
it may be required to draw a straight hno in some particular 
manner. 

In a theorem some geometrical truth is established or proved. 

The general statement of what is to be proved or done is 
called the Enunciation of the proposition. 

The particular enunciation is the statement of what is to be 
done or ppoved, with reference to a figure. 

In the enunciation of a theorem the Hypothesis is that which 
is assumed to be true, and the Conclusion is that which has to be 
proved. 

Interchange the hypothesis and conclusion, and we have what 
is called the Converse of the proposition; e.g. the theorem, ‘ If two 
angles of a triangle are equal, the sides opposite them are equal ’ 
is the converse of this: ‘ If two sides of a triangle are equal, 
the angles opposite them are equal.’ 

In a problem the given conditions are called the data, and the 
things required the quaesita. 

The letters Q.E.D., which will be found at the end ‘of each 
theorem, stand fox ‘ Quod erat demonstrandum.’ 

S e letters Q.E.F., which will be found at the end of each’ 
em, stand for “■ Quod erat faciendum.’ 
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SYMBOLS AND ABBREVIATIONS. 

The following may be used in writing out the propositions ; 


for therefore. 

diag' 

for diagonal. 

\ »» 

because. 

prop. 


proposition. 

~ >» 

is equal to, or are 

def. 


definition. 


equal to, or 

hyp. 


hypothesis. 


equal to. 

str. 


straight. 

r- 

angle. 

cons. 


construction. 

rt. L „ 

right angle. 

pt. 


point. 

A 

triangle. 

isos. 


isosceles. 

!|orpar' „ 

parallel. 

int. 


interior. 

par”' 

parallologram. 

ext. 


exterior. 

sq. 

square. 

alt. 


alternate. 

perp' 

perpendicular. 

mid. 


middle. 

rectil. „ 

rectilineal. 

ctpidat. 


equilateral. 

rect. „ 

rectangle. 

quad' 


quadrilateral. 

opp. 

opposite. 

roqd. 


required. 

adj. 

adjacent. 

gr. 


greater. 


AXIOMS (Self-Evident Truths). 

1. Things which are equal to the same thing are equal to one 
another. 

2. If equals be added to equals the wholes are equal. 

3. n equals be taken from equals the reminders are equal. 

4. If equals be added to unequals the wholes are unequal. 

5. If equals be taken from unequals the remainders asre unequal. 

6. Things which are double of tite same thing are equal to one 
another. 

7. Things which are halves of the same thing are equal to one 
another. 

8. Magnitudes which can be made to coincide mth one another 
are equal. 

[The method of placing one magnitude upon another is called 
the method of superposition, and the one magnitude is said to 
be applied to the other.] 

9. The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 

11. AU right angles are equal. 

12. Mayfair’s Axiom. Two intersecting straight lines cannot 
both be parallel to a third straight line. 
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PROPOSITIONS. 

Proposition I. Theorem. 

If one straight line stands on another straight line, the sum of the 
adjacent angles so formed is equal to two right angles. 

Let the str. line AB meet CD at B. 

It is required to prove that the Ls ABC, ABD are h, 

together equal to two rt. Ls. , 

If the Z.ABC=the LABD, 

each is a rt. /.. Bef. ^ 

If the /.ABC be not equal to the /.ABD, ^ ^ 

suppose BE drawn at rt. /.s to CD at the pt. B. 

Then /. CBA + /. ABD = the straight angle CBD 
= /.CBE + /.EBD 


Depinition. —When two angles are together equal to two 
right angles, each is said to be the supplement of the other, and 
the two angles are said to be supplementary. 

Thus, in the figure of the preening proposition, 

the /.ABC is the supplement of the /.ABD ; 
and the Ls ABC, ABD are supplementary. 

Since all ri^ht angles are equal, it follows that if two angles 
are equal, their supplement^ are also equal. 

Deitnition. —^When two angles are together equal to a right 
angle, each is said to be the complement of the other; 'and the 
two angles are said to be complementary. 

ffor instance, in the preceding proposition, the angles EBA, 
ABC are complementary. 
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EXERCISES. 

. 1. If the angles at the base of a trian^e are equal, and the sides are 
produced, the angles on the other side of the base are equal. 11. 1. 

2. If the angles at the base of a triangle are equal, and the base is 
produced both ways, the exterior angles thus formed are equal. 11. 2. 

3. If ABC be any angle, and CB be produced to D, the bisectors of 

the angles ABC, ABO are at right angles. Or; The internal and external 
bisectors of an angle are at right angles. II. 3. 

4. A line AB is drawn on a sheet of paper, which is then folded 

so as to bring A and B together. Show that the crease in the paper is 
at right angles to AB. II. 4. 

Proposition 2. Theorem. 

If the sum of two adjacent angles is equal to two right angles, the ' 
exterior arms of the angles are in the same straight line. 

At the pt. B in the str. line AB, let the .A 

two str. lines CB, DB, on opp. sides of AB, 
make the adjacent 4s ABC, ABD together 
equal to two rt. ^s. <• 

It is reqd. to prove that BC and BD are in . 

the same str. line. C B D 

For if BD and BC be not in the same str. line, 

let BE be in the same str. line with BC. 

Then since CBE is a str. line, 
the lABE is the supplement of the t-ABC. (1.1.) 

But the A ABD is the supplement of the Z. ABC; Hyp. 

the i.ABE=the Z.ABD; .■. BE falls upomBD, 

But CBE is a str. line ; 

CB and BD are in a str. line. q.e.d. 

State the converse of this proposition. 

■ EXERCISES. 

1. If four straight lines meet in a point, and two of the adjacent 

angles are together equal to the other tyro; then two of the lines will 
be in the same straight line. II. 6. 

2. AOB is a straight line, and the angles AOP, BOR on opposite 
sides of it are equal. Prove that POR is also a straight line. ‘ IL 6. 

3. Four straight lines meet in a point in such a way that opposite 

angles are respectively equal to one another. Prove that these dines 
are two, and two, in the same straight line. H. 7. 
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Proposition 3. Theorem. 

If two straight lines cut one another, the vertically opposite angles 
are equal. 

Let the str. lines AB, CD cut one another c 
at the pt. E. • 

It is reqd. to prove tlmt a E B 

(1) the z.AEC = tho ^BED ; and 

(2) the 4CEB=the AAED. D 

CE meets AB at E ; 

.'. “the aAEC is the supplement of the /.CEB. 

Also BE meets CD at E ; 

.'. the /.BED is the supplement of the /.CEB; 

.-. the AAEC=the iBED. 

In the same way it may be proved that the /.CEB=the /.AED. 

Q.E.D. 

Cor. 1. If two straight lines out one another, the four angles thus 
formed are together equal to four right angles. 

Cor. 1. If any number of straight lines meet at a point, the sum of 
all the angles thus formed is equal to four right angles. 

Definition.—P arallel straight linos are straight lines in the 
same plane which never meet, however 
far they are produced cither way. 

If AB, CD are two parallel straight 
lines, and the straight line EF cuts them 
at K and H, the angles AKH, KHD are 
called alternate angles. The angles BKH, 

KHC, are also alternate. 

The angles AKE, BKE, CHF, DHF are 
called exterior angles, a^d the angles 
CHK, KHD, AKH, BKH are the interior opposite angles to them, 
respectively. 
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CORRESPONDING ANGLES. 

If a straight line AB cuts the straight lines CD and EF at G and 
H, the angles AGO, AHF are called 
correspond&g angles. 

In the same diagram we see that 
the following pairs of angles also are 
corresponding angles : 

Z.AGC and AAHE; 

^BHE and aBGC; 

^BHF and Z.BGD. 

The cutting straight line AB is called a transversal, 

Take any str. line AB, and at the 
pts. C and D in it, with the help of 
your protractor, draw the equal angles 
ACE, ADF. 

If you produce the lines CE, DF 
in either direction, you will find that 
they have no tendency to meet. 

!&petiment with different angles, 
and you will always arrive at the same result. Hence, since the 
lines CE, DF are in the same plane, they are parallel. 

Thus experiment tends to prove that if a transversal AB when 
cutting two straight lines CE, DF makes the corresponding angles 
ACE, ADF equal, the lines are parallel. 

This is often admitted as axiomatic (self-evident), but a proof 
is given in the following proposition. 

Pboposition 4, Theokem. 

Wien a straight line cuts two other straight lines, if two corre¬ 
sponding angles are equal, or if two alternate angles are equal, or 
{/■ two interior angles on the same side of the transversal are supple¬ 
mentary, the tico strayht lines are parallel. E 

Let AB, CD be cut by a transversal 
€KHF. . A_K B 

(1) Let the ext. t.EKB=the int. opp. 

AKHD., __ _ 

It is reqd. to prove that AB and CD are C * ^ D 

parallel. 

If AB, CD are not parallel, they will 
meet, if produced far enough, say to the right. 




•F 
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Now /.CHF=vert. opp. 4KHD, 

and /.AKH= „ Z.EKB; 

4CHF = iAKF, 

i.e. ext. L equal to int. opp. L . 

we have the same conditions on the left of EF as we had on 
the right. 

AB, CD must meet on the left of'EF, 

i.e. they meet in two points—which is inijmssible; 

AB and CD are parallel. 

(2) Lei it be given that aAKH =aUermte ^KHD. 

Then /.EKB=vert. opp. z.AKH = ^KHD, 
i.e. the ext. L =int. opp. L-, 
by (1) AB and CD are parallel. 

(3) Lei it be given that the Ls BKH, KHD are supflementary. 
Now, because EKH is a str. line, Z.EKB is the supplement 

of ^BKH. 

.i.EKB = Z.KHD, • 
i.e. the ext. L =int. opp. l. 

:. AB and CD are parallel. q.e.d. 

Playfair’s Axiom .—Two intersecting straight lines cannot both 
be paraUel to a third straight line. 


Proposition 5. Theorem. 

If a straight line fall on two parallel straight lijies, it makes (1) the 
alternate angles equal, (2) the exterior angle equal to the interior 
opposite angle on JAe same side of Ote line, and (3) two interior angles 
on the same side together equal to two right angles. 

Let the str. line ABCD fall on the -A 

two II str. lines EF, MH. E • B F 

It is reqd. to prove that' , K 

{l) the LEBC=theall. lBCH, ^ C H 

(2) the exf. L ABF=the int. opp. • 

iBCH, .0 

(3) the two int. Ls F3C, BCH are 
equal to two rt. La. 
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(1) If the L EBC be not equal to the L BCH, 

let the L KBC be equal to the iBCH. 

These are alternate Z.S; 

KB is II to MH ; (I. 4.) 

two, intersecting str. lines KB and EB are each || to MH ; which 
is impossible; (Playfair’s Axiom.) 

the L EBC canno’t be unequal to the i.BCH, 
i.e. the Z. EBC=the A BCH. 

(2) It has been proved that the 4 BCH =the l EBC. 

Also the L ABF = the vertically opp. l EBC; (I. 3.) 

.-. the /.ABF=the ^BCH. 

(3) The £CBF=the supplement of the Z.ABF (I. 1.) 

=the supplement of the /.BCH, by the second part of the 
proposition, 

i.e. the/.s CBF and BCH =two rt./.s. q.e.d. 

Note.—R eferences to proposition.s by nuntbers are only inserted to enable 
learners to refer back for verification of statements. 

The Kumbera of propositions are not intended to be quoted in examina. 
tion: but verbal explanttioii should be given where this ean be done 
eonoisely •.,.e.g. (vert, opp.) to explain why two angles ate eqnal, or (alternate 
As) where two angles are equal because they are between parallels. 

• Proposition 6. Theorem. 

Straight lines which are parallel to the same straight line are 
parallel to one another. 

Let the two str. lines AB, CD each be parallel to EF. 

It is reqd. to prove that AB is || to CD. a B 

' If AB is not II to CD, they will meet; and ' 

we then have two intersecting str. bnes ^ P 

both II to a thiwl str. line, which, 1^ 

Playfair’s axiom, is impossible. ^ q 

.'. AB is II to CD. Q.E.D. 

EXERCISES. 

1. If CA, CB are rospeotively parallel to ED and EF, prove that 
the angle ACB is eqnal to the angle DEF if both these angles are acute,, 
or both obtuse. 

2. In the above, what is the relation between the two angles if one 
is acute and the other obtuse ? 

, 3. ABCO is a quadrilateral such that AB is parallel to CD, and AC 
io 8C. Prove that the angle ABC is equal to the angle ADC, ' 
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Proposition 7. Thborim. 

IJ a side of a triangle he produced, (1) (he exterior angle is equal to 
the two interim opposite angles, and (2) the three angles of every 
triangle are together equal to two right angles. 

In the A ABC produce BC to D. 

It is reqd. to prove (1) that the ext. 

AACD is equal to the two ini. opp. 

Ls BAC, ABC, 

and (2) that the three Ls ABC, BAC, ACB 
are together equal to two rl. L s. 

Suppose CE drawn || to BA through 
the pt. C. 

Part I. ab is || to CE; 

the/.ACE=the alt. ABAC. (1.6.)’ 

Also the ext. A ECO=the int. opp. A ABC ; (I. 6.) 

.'. the whole AACD=the AS BAC, ABC. 

4 

Part II. The AACD=the As BAC, ABC. Proved above. 

Add the a ACB to each ; 

.'. the AS ACD, ACB=the As BAC, ABC, ACB. 

But the AS ACD, ACB=two rt. As ; (I. 1.) 

the As BAC, ABC, ACB=two rt. As. Q.E.D. 

Cor. 1. If one side of a triangle is produced, the exterior angle 
is greater than either of the interior non-adjacent angles. 

Cor. 2. ‘Any two angles of a triangle are together less than two 
right angles. 

Cor. 3. Only one perpendicular can be drawn to a straight line 
from a given point without it. 

For, if possible, let AD and AE each be per¬ 
pendicular to the straight line DE. 

Then in the triangle ADE, the two angles 
ADE, AED arc together 'egual to two right 
angles : which is impossible. 

Therefore, only one perpendicular, etc. 

» Q.E.D. 

Cor. 4. In a right-angled triangle the right angle is the greateH 
an^, and the sum of the remaining angles is equal to a right angle.' 
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Proposition 8. Theorem. 

All the interior angles of any rectilineal figure, together with four 
right angles, are equal to twice as man^ right angles as the figure 
has sides. 

Join one vertex A of the rectilineal 
figure to each of the others. 

Each side, except the two ending at 
A, forms a triangle with A. 

.'. Ji-2 triangles are formed, if the 
figure has n sides. 

Each of these triangles contains angles 
whose sum is two right angles. 

, .'. the sum of all the int. angles of 
the figure=2{»i-2) right angles = 2n rt. r.s-4 rt. r.s. 

.'. all the interior angles of the figure, together with four right 
angles, are equal to 2» right angles. Q.e.b. 

Cor. All the exterior angles of any convex polygon are together 
equal to four right angles. 

Let ABODE be any convex polygon, and produce its sides in 
the directions AB, BO, CD, DE, EA. 

The int. and ext. r.s at each angular 
pt, are equal to two rt. jC-s ; (1.1.) 

.’. all the int. .^s with all the ext. La 
= twice as many rt. La as the 
’ figure has sides, 

=all the int. /.s with four rt. r.s; 

.•. aU the ext. r.s=four rt. ^s. 

Q.E.C. 

To find the nmgnitude of the angle of a regular pentagon. 

[A polygon of five sides is called a pentagon, and a regular 
^figure IS one which is equilateral and equiangular.] 

All the five angles + 4 rt. r.a = 10 rt. r.3; 

.'. all the five angles=6 rt. r.s; 

.’. each angle = S of a rt. L. 

Similarly, the angle of a regular hexagon (a regular polygon 
having six sides) is 4 of » rt- ^ • Thus, three jegular hexagons 
can be placed so as to fit round a point without gaps and without 
overlapping; for the three angles at the point are together 
equal to 4 rt. r.s. 
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mBCISES, 

1. The four interior angles of a quadrilateral are equal to four 

right angles. XUI. 12. 

2. If two angles of a triangle be complementary, the triangle is 

right-angled. XIII. 13. 

3. If one angle of a triangle bo equal to the sum of the other two, 

the triangle is right-angled. XIII. li. 

4. If one angle of a triangle bo greater than the sum of the other 

two, the triangle is obtuse-angled. XIII. 15. 

6. Prove that the acute angle between two straight lines is equal 
to the acute angle between any two straight lines at right angles to 
them. XUI. 18. 

6. If the base BC of the triangle ABC Iw produced to D, the angle 

between the bisectors of the angles ABC, ACD is equal to half the 
angle BAC. XIII. 26. 

7. If ail the angles of a rectilineal figure arc together equal to eight 

right angles, how many sides has it ? ^ XUI. 1. 

8. What is the number of sides of a regular polygon if each of its 

internal angles is 160° ! XIII. 2. 

9. What fraction of a right angle is 

(1) The angle of a regular octagon (an eight-sided polygon), 

(2) The angle of a regular decagon (a ten-sided polygon), 

(3) The angle of a regular heptagon (a seven-sided polygon) ? 

XIII. 3. 

10. The exterior angles of a rectilineal figure (formed by producing 

the sides successively) are together equal to the interior angles: find 
the number of sides. XIII. 4. 

11. What fractions of a right angle will the angles of a pentagon be 

if they are in the ratios of the numbers 1, 3, 6, 9, 11 ? XIII. 8. 

12. The five sides of a rectilineal figure ABCDE are equal to one 

another, and also the five angles; show that the bisector of the angle 
ABE is at right angles to BC. XUI. 7. 

13. In a quadrilateral whose opposite sides are parallel, prove that 

the straight lines which bisect &e angles adjacent to one of its sides 
a» at ri^t angles to one another. XUI. 8. 

14 How many o2the exterior angles of a triangle must be obtuse t. 

xm. 10 : 

16. If two triangles have two angles of the one together equal to two 
angles of the other, the third angles will be equal. XUI. 11. 

5. «. . 0 , 
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Proposition 9. Theorem. 

If two triangles have two sides of one eqml respectivdy to two sides 
of the other and the ineluded angles equal, the triangles are equal in 
all respects. 



Let ABC, DEF be two As such that 

(1) AB = DE; 

(2) AC = DF; 

and (3) the included A BAG=included a EOF. 

It is reqd. to prove that the As are eqml in all respects. 

Apply the A ABC to the A DEF, placing A on D and AB along DE. 
Then AC falls along DF since aBAC = aEDF. 

Also AB falling on DE, B must fall on E (since AB = DE); 
and AC falling on DF, C must fall on F (since AC = DF); 

A ABC coincides with A DEF ; 

A ABC is equal to A DEF in all respects; 
i.e. (1) BC = EF, 

(2) A ABC = A DEF, 

(3) AACB = ADFE, 

(4) the As are equal in area. q.b.d. 

Note that each triangle has six elements or parts, three angles and three 
sides. It also has an area. 


BXEBCISES. 

1. ABCDE is a regular pentagon; prove that AD is equal to AC. 

[A polygon of five sides is called a pent^n.] III. 1. 

2. In a regular hexagon ABCDEF, prove that AC is equal to DF. 

[A polygon of six sides is called a hez^n.] <, III. 2. 

3. The straight line DC meets the straight line AB at its middle ■ 
point C, and is at right angles to AB. Prove that DA is equal to pB. 
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4 . In a regular hexagon ABCDEF, prove that AEC ia an equilateral 
triangle. IIL 4. 

6. Two straight lines AB, CD bisect one another at E. Prove that 
the triangles AEC, BED are equal in all respects. III. 6. 

6. Two quadrilaterals ABCD, XYZW have A8=XY, BC=YZ, 

CD=ZW, lB= L'f, LC= LZ. Show that they are equal in all 
respects. ' IIL 7. 

7. A and 6 are two points on the same side of the straight line 

joining two other points C, D. Show that if AC is equal to BD, and 
the angle ACD to the angle BDC, A and B are cquimstant from the 
middle point of CD. III. 8. 

8. With the vertex A of an i 80 .scclcs triangle ABC as centre, a circle 
is described which outs the equal sides AB, AC at D and E respcctivdy. 
Prove that the triangles ACD, ABE are equal in all respeets. III. 9. 

9. On a straight line AB, 2 inches long, make an equilateral triangle 

ABC. If CD bisects the angle ACB, and meets AB at D, what can you 
discover about the lengths of AD and BD ? HI. 11. 

10. AOB is a straight line, 2 inches long, and 0 its middle point. 
Make angles AOC, BOD each equal to 60°, and cut off OC and CD each 
equal to 3 inches. Prove that AC=BD. III. 12. 


Peoposttion 10. Tiiboekm. 

If two triangles have two angles of the one equal to two angles of 
the other, each to each, and one side equal to one side, namely, either 
the sides adjacent to the equal angles in each triangle, or sides opposite 
to equal angles; then the triangles are equal in all respects. 

Let the As ABC, DEF be such that 
(o) (1) the AABC=the A DEF, 

(2) the A ACB = the aDFE, 

(3) BC = EF (sides ad¬ 
jacent to equal As in 
each A). 

or (6) (1) the AABC = the ADEF, 

(2) the ABAC=the AEDF, 

(3) BC = EF (sides opp. to equal A s in each A). 

It is reqd. to prove that the As ABC, DEF are equal in all respects. 
The three as of a A are together equal to two rt. as ; 
in both cases, the third angles are equal. 
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Apply the AABC to the ADEF, so that B falls on E, and BO 
on EF. 

Then C coincides with F, for BC = EF; 
and BA falls along ED, for the AABC=the aDEF. 

. Also CA falls along FD, for the A BOA=the A EFD ; 
the point A coincides with the point D, 
i.e. the As coincide with one another, 
and are therefore equal in all respects. Q.E.jj. 

Proposition 11. Theorem. 

Tie angles at the base of an isosceles triangle are equal, and if 
the equal sides be produced, the angles on the other side of the base 
are equal. 

Let ABC be an isosceles A, having AB equal 
to AC. 

It is reqd. to prove that 

(1) AABC = AACB, 

and (2) if AB, AC •■be produced to D, E 
respectively, 

aDBC = aECB. 

Let AF.be the bisector of the ABAC, and let 
it meet BC at F. 


Then in As BAF, CAF, 

(1) AB=AC, 

Given. 

(2) AF is common, 

(3) included A BAF=included a CAF; 


aabf=aacf. 

(I. 9.) 

Also A DBC=the supplement of AABC 

” ,, ,, ,, aacb 

= AECB. 

Q.E.D. 

Alternative Proof. 

Fold the A about the bisector AF. 
Then AE faUs along AD, for A CAF = A BAF. 

Given. 


Also the pt. C falls on the pt. B, for AC=AB; 
FC coincides with FB; 

aACF coincides with aABF, and is equal to it. 
Also the As EdB, OBC coincide and are equal., 
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Proposition 12. Theorem. 

(Converse of Proposition 11.) 

If two angles of a triangle are equal, the sides opposite to them are 
equal. 

Let ABC be a A having the A ABC 
equal to the Z.ACB. 

It is reqd. to prove that AB=AC. 

If AB be not equal to AC, one of them 
must be the greater. 

Let AC be the greater, and suppose 
that AD=AB. Join BD. 

Then’ the AABD=the aadb, for 

AD=AB. (I. 11.) 

But the A ABC is gr. than the aABD ; 
the 4 ABC is gr. than the 4 ADB. 

But the ext. 4ADB is gr. than the int. opp. 4DCB; 

, (I. 7. Cor. 1.) 

the 4ABC must be gr. than the aBCD. 

But, by hypothesis, the 4 ABC= the 4 BCD ; 

.'. AB and AC cannot be unequal; 

AB=AC. Q.E.D. 

Exercise. Prove the above proposition by folding the triangle 
about E the middle point of BC, so that EC falls along EB. 

Also prove the proposition by folding the triangle about the bisector 
of the vertical angle. 

Proposition 13. Theorem. 

If two triangles have the three sides of the one equal to the three 
sides of the other respectively, they are equal in aU respects. 


A D 



Q 

.I«t ABC, DEF be the two As, having 

(1) AB»DE, (2) BC = EF, (3) AC = DF. 
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It is reqd. to prove that the As are eqml in all respects. 

Of the sides of the A ABC, let BC be that which is not less than 
either of the other two. 

Apply the ADEF to the A ABC, so that the equal bases EF 
and BC coincide, E with B and F with C, the equal sides being 
then conterminous, and the vertices falling on opposite sides of 
the base BC. 

Let GBC represent the A so applied, so that G is the position 
of the point D. Join AG. 

BA-.=BG, by hypothesis ; .'. aBAG = aBGA. (L 11.) 

Also CA=CG, by hypothesis; .'. aCAG = z.CGA; (L 11-) 

.‘. the whole ABAC^the whole aBGC, 

i.e. Z.BAC —Z.EDF. 

Then in the As BAC, EOF, 

(1) AB = DE, 

(2) AC-=DF, 

(3) included A BAC = included A EOF; 

.'. t\ABC = ADEF in all respects. (L 9.) 

Q.K.D. 

Note.— Triangles equal in aU respects, or identical equality of triangles. 

From Propositions 9, 10 and 13 we see that two triangles are equal in all 
respects, i.e. congruent, when the following three independent elements, or 
parts, are severally equal: 

(1) Two aides and the included angle. (I. 9.) 

(2) Two angles and the adjacent side. (1.10.) 

(3) Two angles and the side opposite one of them. (1.10.) 

(4) The three sides. . ^ (1. 13.) 

We see that in each case wo have at least one side equal to one aide. 

Two triangles which have their angles severally equal are not neo^sarily 

equal in all respects. In fact, hero wo are not given throe independent 
equalities, for if two angles of a triangle are known, the third is also known, 
because the sum of the three is equal to two right, angles. 

EXEBC1SE3. 

1. If two sides of a triangle, when produced, make the exterior 

angles equal, prove that the triangle is isosceles. V. 1. 

2 . triangle that has all its angles equal to one another is equi* 

lateral. V. 2. 

3. The straight lines bisecting the angles ABC, ACB of a triangle 

ABC intersect at 0. Prove that if OB is equal to OC, the triangte ABC 
must be isosceles. * /V* 3. 
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4. The anglea DAB, ABC of a quadrilateral ABCD are equal to one 

another, and also the angles BCD, CDA. Prove that the side AD is 
equal to the side BC. V. 4. 

5. In AB, AC the sides of a triangle ABC, points 0, E are taken such 

that the angles DCB, ESC are equal. If BE, CD are also equal, show 
that the triangle ABC is isosceles. V. 6. 

6 . In a regular jwntagon ABCDE, prove that the triangle EBC is 

isosceles. ‘ V. 7. 

[A polygon of five sides is called a pentagon.] 

7. Draw a straight line AB 4 cms. long, and make the angles CAB, 

CBA each equal to 40°. What do you lind about the lengths of CA 
and CB ? V. 10. 


EXERCISES. 

1. CAD, CBO are two isosceles triangles upon the same base CD, 

but upon opposite sides of it. Bhow that the angles CAD, CBD are 
bisect^ by the straight lino AB. VI. 1. 

2. With centres A and B two circles aro drawn intersecting in C 

and D. If AB and CD meet at E, prove that the triangles AEC, AED 
are equal in all respects. , VI. 2. 

3. The opposite sides AB, CD of a quadrilateral ABCD are equal, 
and the straight lines bisecting AO, BC at right angles meet in 0. 
Show that the triangles OAB, ODC are equal in dl respects. VI. 3. 

4. ABC is an equilateral triangle; a point G is taken within the 

triangle such that the angle GBC is equal to the angle GCB, and the 
line AG is drawn. Prove that AG bisects the angle BAC. VI. 4. 

5. On the circumference of a circle three points A, B, C are taken 

so that the straight lines AB, BC are equal. Prove that the straight 
line joining B with the centre of the circle bisects the angle ABC, and 
cuts the straight line AC at right angles. VI. 5. 

6 . If a triangle ABC be turned over about its side AB, show that 
the line joining the two positions of C is ijerpendicular to AB. VI. 8. 

7. The sides BA, CA of a triangle aro produced towards A to D 

and E respectively, so that BD is equal to CE. If DE is equal to BC,* 
show that the angle EDB is equal to the angle ECB. VL 7. 

8 . ABC, ABD are two triangles on the same side of AB, having 

their three aides respectively dqual. If AD, BC meet in 0, prove that 
the triangles AOC, BOD are equal in all respects. VI. 8. 

9. A, B, C, D are four points on a circle whose centre is 0, and the 
angle A06 is equal to the angle COD, OB lying between OA and 00, 
am OC lying between OB and OD. Prove that a point whose distances 
frQ& A and D are equal U also equidistant from B and C. VI. 9. 
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10. ASCD is a quadrilateral with its sides AB, AD equal, and the 
angles ABC, ADC equal. Show that AC bisects BD at right ang^. 

VI. 10.. 

. 11. A straight line AB is bisected at C, and on the same side of the 
line two triangles CAD, CBE are described, having the two sides CD, DA 
squal to the two aides CE, EB, each to each. Prove that the lines 
tE, Bb are equal. VI. 11. 

12. Two equal straight lines AB and CD are joined towards opposite 

parts by the equal straight lines AD and CB intersecting at 0. Prove 
that both triangles OAC, OBD are isosceles. VI. 12. 

13. A point 0 is taken within an equilateral four-sided figure ABCD 

such that its distances from the angular points A and C are equal. Show 
that OB and OD are in one and the same straight line. VI. 13. 

14. AOB, COD are two intersecting straight lines, and each of the 

figures AOCE, BODE is equilateral. Show that the straight line EF 
passes through 0. VI. 14. 

16. From the extremities A, B of the base of a triangle arc drawn 
straight lines AD, BE wliioh intersect in O and cut the opposite sides 
in D, E. Show that, if OA is equal to OB, and OD is equal to OE, the 

triangle is isosceles. VI. 15. 

16. ABC is a triangle; BD, CE arc drawn making equal angles with 

BC, and meeting the opposite sides in D and E, and each other in F. 
Prove that if the angle AFE is equal to the angle AFD the triangle is 
isosceles. VI. 18. 

17. Make an isosceles triangle ABC, having AB—AC=7 cm., and 

BC=S cm. If D is the middle point of BC, wliat can you prove about 
the angles ADB, ADC 1 VL 17. 

18. Make AOB an equilateral triangle having each of its sides 4 cm. 

long. Produce AO, BO to C and 0, making OC =OD =8 cm. Take E 
the middle point of AB, and joining EO, produce it to meet CD at F. 
You will see that DF=:CF. Provo that this must be the case if .the 
figure is drawn correctly. VI. 18. 

, 19. Draw a straight line AOB, such that A0=0B=4 cm. With 
centre A and radius 7 cm. describe a circle; with centre B and the 
same radius describe another circle. If D is one of the points of 
intersection of these circles, prove that the angles DOA, DOB are right 
a^es. What problem have you solved*? VI. 19. 
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Proposition 14. Thborem. 

Two right-angled triangles which have their hypotenuses e^iud, 
and one side of the one equal to one side of the other, are equal in all 
respects. 



S C G E F 


Let ABC, DEF be two As right-angled at B and E, and such that 
, AC = DF and AB = DE. 

It is reqd. to prove that the As are equal in aU respects. 

Apply the A ABC to the A DEF so that AB may coincide with 
its equal DE, and C may fall on the side of OE opposite to F. 

Let Q then be the position of the pt. C. 

Each of the As DEF, DEG is a rt. A ; 


.’. GEF is a str. line.* 

(I. 2.) 

In the A DGF, DF = DQ (or AC); 


ADGF=ADFG. 

(1.11.) 

Hence in the As DEG, DEF, 


(1) A DEG = A DEF, 

(2 ) adge = adfe. 

(3) DE is common; 

Proved above. 

.’. the As DEG, DEF are equal in all respects, (I. 10.) 
i.e. the As ABC, DEF are equal in all respects. Q.E.D. 


Proposition 16. Theorsm. 

If turn sides of a triangle are unequal, the angle opposite the greater 
side is greater than the angle opposite the less. 

Let ABC be a A having AC gr. than AB. 

It is reqd. to prove that a ABC is gr. than 
aACB. * _ 

With centre A and rad. AB describe a C 

ciick*>catting AC in D. 
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The pt. 0 falls in AC, for AC is gr. than AB. 

Join BD. 

AD =AB (radii); 

/.ABD = tADB. (I-U-) 

But t'he ext. 4ADB is gr. than the int. opp. ^ACB; (I. 7, Cor. 1.) 
.'. also itABD is gr. than Z.ACB ; 

i ABC is gr. than r. ACB. q.e.d. 

Notes. —^This proposition is often enunciated thus; 

The. greater side of every triangle has the greater angle opposite to it. In this 
form, beginners often fail to see what is assumed, and what is to be proved. 
It is very important to remember in this, as in other cases, that the hypothesis 
is placed yirsi. 


PkOPOSITION 16. TnEOREM. 

If two angles of a triangle are unequal, the side opposite the greater 
angle is greater than the side opposite the less. 

Let ABC be a A, liaving a ABC gr. than 
AACB. 

It is reqd. to prove that AC is gr. titan 

AB. 

For if AC is not gr. than AB, B C 

then either .(1)AC=AB, 

or (2) AC is less than AB. 

(1) IfAB = AC, 

aACB=aABC, * (I. 11.) 

which, by hyp., is not the case. 

(2) If AC is less than AB, 

A ABC is less than aACB, by the previous prop., (I. 16.) 
and this, also by hyp., is not the case; 

AC is neither equal to nor less than AB ; 

.'. AC is gr. than AB. q.e.d. 

Notes. —^This proposition is often enunciated thus: 

The freaier angle of every triangle is subtended by the^ealer aide. 

Here, as in Proposition 15, it is important to remember that the hypothesis 
is plao^ first. 

The method of proof used here is commonly known as the Pr^f by 
Exhaustion. 
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Pboposition 17. Theobem. 

Of all straight lines drawn from a given point to a given straight 
line, the perpendicular is the shortest. 

Let AD be perp' to the str. line BC. 

It is reqd. to jrrove that AD « shorter than any 
other str. line AE drawn from the pt. A io the str. 
line BC. 

The three angles of the A ADE =two rt. as ; g 
.'. since AADE=onett. L, 

AAED is less than a rt. A, i.e. aADE is gr. than AAED ; 

.'. the side AE is gr. than the side AD, 
which proves the proposition. 



Pboposition 18. Theorem. 

If two triangles have two sides of the one equal to two .sides of the 
other, each to each, but the angle contained by the two sides of the 
one greater than the angle contained by the Ijvo sides of the other; 
then the base of that which has the greater angle is greater than the 
base of the other. 



Let ABC, DEF be two As, such that 

(1) AB = DE, (2) AC-DF, 

(3) ABAC is gr. than AEDF. 

It is regd. to prove that the base BC is gr. than the, base EF. 
Apply the A ABC to the A,EDF so that the pt. A falls on D, and 
the str. line AB on DE. 

Then B coincides with E, for AB = DE. 

Let C fall at Q. 

(y If EG passes through F, then EG is gr. than EF, 
and the proposition is proved. 
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(2) But if not, let DH, the bisector of the angle FDQ, meet 
EQatH. JoinFH. 

Then in As FDH, GDH, 


(1) DF = DG, 

Oigen. 

(2) DH is common. 


(3)' A FDH = A GDH ; 


.-. FH = GH. 

(I. 9.) 


Again in AEFH, EH and HF are together gr. than EF ; 

EH and HG aro gr. than EF, 

i.e. EG (or BC) is gr. than EF. q.e.D. 

Proposition 19. Theorem. 


If two triangles have two sides of the one egml to two sides of the 
other, each to each, but the base of the one greater than the base of 
the other ; then the angle contained by the sides of that which has the 
greater base is greater (/Mn the angle contained by the sides of the other. 

‘ Let ABC, DEF be two As, such 
that ( 1 ) ab = DE, 

(2) AC = DF, 

(3) BC is gr. than EF. 

It is reqd. to prove tluit ABAC is 

gr. than L EOF. 

For, if ABAC be not gr. than 
A EOF, . 

either (1) ABAC = aEDF, or (2) ABAC is less than A EOF. 



(1) If ABAC = A EOF, 

in As ABC, DEF (1) AB = DE, 

(2) AC = DF, 

(3) included a BAC=included A EOF; 

.■. BC = EF, 

which is contrary to the hypothesis. 

(2) If ABAC is less than A EOF, 

BC is less than EF, 

which also is contrary to the hypothesis; 
abac is gr. than A EOF. 


(I. 9.) 
(L18.) 

Q.E.S. 
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Pboposition 20. Problem. 

To bisect a given angle; that is, to divide it into two eqxtal angles. 

Let ABC be the given angle. 

It is required to bisect it. 

With centre B, and any radius, 
describe a circle cutting BA and BC 
in D, E respectively. 

With centre D, and the same 
radius, describe a circle; and with 
centre E and the same radius describe 
another circle. 

Let F be one pt. of intersection 
of these last two circles, the other 
being B. Join BF. 

BF v)ill bisect the LABC. Join DF, 

EF. 

In the As DBF, EBF, (1) BD=BE (radii), 

(2) BF is common, 

(3) FD = FE (for each'>=DB); Cons. 

.-. the A DBF=the l EBF, . (I. 13.) ‘ 

f.e. BF bisects the A ABC. q.b.f. 

Exercise. Draw a right angle by means of a set-square, and>biseot it. 



Proposition 21. Problem. 


To bisect a given finite straight line. 

Ijet AB be the given finite str. line. 

It is reqd. to bisect it. 

With centres A and B, and any con¬ 
venient (but the same) radius, describe 
circles intersecting at D and E. 

(A radius somewhat greater than half 
AB is convenient.) 

Join DE, cutting AB in F. 

AB shall be bisected at F. , Join AD, AE, 
BD, BE. 

In the As DAE. DBE, (1) DA = DB, 

(2) DE is common, 
(3) AE=BE; 
the AADEi^the ABDE. 


A 


Af-^ 


f 

Cone. 

Oonfi 

(I.13.)j 
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Again in the As DAF, DBF, 

(1) DA = DB, 

(2) DF is common, 

(3) the included L ADF = the included /L BDF ; Proved aijgve. 

• AF=CF, (1.9.) 

i.e. AB Is bisected at F. q.e.f. 

EXERCISES. 

1. Draw a atr. line 3-7 in. long, and bisect it geometrically. 

2 „ fi'9 cm. „ „ „ 

Pboposition 22. Pbobiem. 

To draw a straight line at right angles to a given straight line from 
a given point in it. 

F 


B . 

Let AB be the given str. line, and C the given pt. in it. 

It is regd. to draw from C a sir. line at rl. Lslo AB. 

With centre C, and any radius, describe a circle cutting AB in 
D and E. 

With centre D, and any radius greater than CD or CE, describe 
a circle. 

With centre E, and the same radius, describe a circle. 

Take F one of the pts. of intersection of these last two circles. 

Join CF. 

CF shall be at rt. is to AB. 

Join DF, EF. 
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In the As DFC, EFC, 

(1) DC = CE (radii), 

(2) CF is common, 

(3) DF = EF (radii of equal circles) ; Cons. 

the A DCF=the ^ECF. (1.13.) 

But these are adjacent angles; 

CF is at rt. As to AB. q.b.F. 


Proposition 23. Problem. 

To draw a straight line, fergendicuhr to a given straight line, 
from a point at its extremity. 



Let AB bo a str. line. 

It is reqd. to draw a str. line perp' to BA at its extremity A. 

Take any point 0, not in AB, and with centre 0 and radius OA 
describe a circle cutting AB again at C. 

Join CO and produce it to meet the circle again at D. 

Join AD. 

AD will bo perp' to AB. 

Join OA. 

0A=00; aOAD-AODA. 

OA = OC; •a0AC = A0CA; 

by addition, aCAD = a0DA +aOCA, 
i.e. ACAD =one half of the As of the ACAD 
=one half of two rt. as 
^a rt. A. 


Q.B.P. 
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PBOPOsmoN 24. Problem. 

To draw a perpendicuhr to a given straight Him of unlimited length 
from a given print outside U. 



Let AB be the given str. line, and C the given pt. outside it. 

It is reqd. to draw from C a perpendicular to AB. 

With centre C desAibe a circle EOF cutting AB at E and F. 
With centres E and F, and tlie same rad. as before, describe 
•other circles. 

These circles pass through C. 

Let K te their other pt. of intersection. 

Join CK, cutting AB at H. 

CK will be perpendicular to AB. Join EC, EK, FC, FK. 

In the As ECK, FCK, (1) CE=CF, Radii. 

(2) CK is common, 

(3) EK=FK; Radii of equal drdes. 

the A ECK-the A FCK. (1.13.) 

Again, in the As ECH, FCH, 

(1) CE=CF, 

(2) CH is common, 

(3) the included a ECH = the included a FCH ; Proved above. 

.-. the A EHC= the A FHC, (I. 9.) 

andbeingadj., these AS are right angles. q.b.r. 

Exercise. Draw a A ABC snob that AB=10 om., AC=8 
BC=6om. From C draw CD perpr to AB, and measure it. ‘ 
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Pboposition 26 . Problem. 

At a given point in a straigM line to make an angle equal to a given 
angle. 



Let A be the given pt. in the given str. line AB, and DOE the 
given L. 

It is required to make at the pt. A in the line AB an l equal to the 
LDCE. 

With centre C, and any radius, describe a circle cutting CD and 
CE in D and E respectively. Join DE. 

With centre A, and the same radius, d,escribe a circle FKH 
cutting AB in F. 

With centre F, and radius equal to DE, describe a circle cutting , 
the circle FKH in K. Join AK; 

the /.FAK will be the L reqd. 

Join FK. 

In the As FAK, DCE, 

(1) AF=CD. (2) AK = CE, (3) FK = DE; Cons. 

the A FAK = the A DCE. (1.13.) 

Q.E.F. 

Note that this construction will give two angles, each equal to aDCE : 
one on each side of AB. 

EXEKCISES. 

1. On a given straight line AB 3-6 in. long describe an equilateral 

triangle. XV. 1. 

2. On AB 1-7 ia long as bale describe an isosceles triangle, having 

each of its sides double of AB. XV. 2. 

3. On a given base 2'6 in. long describe an isosceles triangle, having 

each of its sides 1-9 in. long. XV. 3. 

, 4.aI)esoribe a circle of given radius, which shall pass through two 
given ^xdnts. When is the problem incapable of solution ? XV, 4, ' 

9,0c.. 0 
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5. Find a poiat equidistant from two given points A and B. XV. 6. 

6. With a ruler and compasses, make a right angle. State your 

construction, and give a proof. XV. 6. 

7. In a given straight line find a point which is equidistant fcom 

two given points, neither of which lies in the line; and explain in what 
case the problem is impossible. XV. 7. 

8. Find a point in the base BC of a triangle ABC from which the 

perpendiculars to the two sides AB, AC shall be equal. XV. 8. 

9. Find a point dpiidistant from two given points A and B, and 
one inch from a given point C. When is the problem iinimssible ? 

XV. 9. 

10. In the side AB, or in AB produced, of a triangle ABC, find a point 

equidistant from B and C. XV. 10. 

11. Find a point D in the side BC of a triangle ABC such that AD may 

be half the sum of AB and AC. XV. 11. 

12. ABCO is a quadrilateral; find a point E such that the two straight 
lines EA, EB shall be equal to the two straight lines ED, EC respectively. 

• XV. 12. 

Proposition 26. Problem. 

To draw a slraigU line, through a given point, parallel to a given 
straight line. 



P 


Let AB be the given str. line, and C the given ^t. 

It is reqd. to draw through C a str. line || to AB. 

Place a set-square DEF with one edge DF in the line AB,, and 
against its edge EF place a flat ruler PR. 
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Slide the set-square along the ruler until its edge OF passes 
through the pt. C, the set-square then being in the position def. 

Trace the lino dCf along its edge. 

dCf is the line reqd. 

For the Ldfe-m L of the set-square, 
and the A DFE = the same l of the set-square; 

.’. the ext. ^DFE-the hit. and opp. Ldje ; 

dC/is||toAB. (1.8.) 

Q.E.P. 

Pkoposition 26. Proiilem. [Alternative Method.] 

To draw a straight line, through a given point, parallel to a given 
straight line,. 

Let AB be the given straight line, 
and C the, given point. 

It is reqd. to draw through C a str. 
line parallel to AB. 

In AB take any pt. D. 

With centre C and rad. CD, 
describe the circle DE. 

With centre D and rad. DC, describe the circle CF, cutting 
DB at L. 

Joui CL. 

With centre D and rad. equal to CL, describe the circle HK, 
H being its pt. of intersection with the circle DE on the same 
side of AB as the pt. C. 

Join CH. 

CH will he parallel to AB. 

Join HD. 

In the As CHD, OLC, (1) CH = DL, Radii of equal circles. 

(2) CD is common, 

(3) H D = CL; Radii of equal circles. 

the AHCD = the ACDL, ' JI. 13.) 

and these are alt* as; 



.'. CH is parallel to AB. 


(I. 4.) 

Q.B.F. 
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PnoposmoN 27. Pboblbm. 

To construct an angle of 60°, geometrically. 

Draw any str. line AB. 

With centre A and rad. AB describe a circle. 

» ,, B „ BA „ „ 

Let C be one of the pts.'of intersection of 
these circles. Join CA, CB. 

AC=AB; .'. lC = LB. 

BA-BC; .-. lC==LA. 

the three is of the A are equal. (I. 11.) 

The sum of the three --180°; 

.'. each of them = 60°. 

Proposition 28. Problem. 

To construct an angle of 45°, geometrically. 

Draw AB perp' to any str. line BC, using Prop. 22, Bk. I., or 
Prop. 23, Bk. I., or w'lth ruler and set-square. 

On BA and BC mark off, with compasses, BO =BE. Join DE. 

Each of the is BDE, BED = 45°. 

(The proof is left to the student.) 

Proposition 29. Problem. 

To construct an angle of 30°, geometrically. 

Draw an angle of 60° and bisect it, or draw its complement. 



Proposition 30. Problem. 

To describe a triangle having its sides equal to three given straight 
lines, any two of which are together greater than the third. 

Let A, B, C be the three given str. a I , 

lines, any two being together gr. than 
the third. \ H 

Take any str. line DE, and with 
centre D and.rad. equal to A describe ^ \ 

a circle'cutting DE at E. \ 

With centre D and rad. equal to B \ _ 

describe a circle KF. E 

With centre E and rad. equal to C describe a circle FH. 
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Take F, one of the pts. of intersection of the circles. 

Join DF, EF. 

DEF is the h reqd. 

for DE=A, DF=B, and EF=C. Cons. 

Q-.B.F. 

Nora.—The circles will meet at a second aoint, so that this construction 
will give two triangles satisfying the required conditions. 

EXEBCISBS. 

1. Draw a triangle whose sides are respectively 5-4, 4-3, 6 cm. long. 

2. Draw a triangle whose sides are respectively 4'8, 6-4, 8 cm. long, 
and measure its greatest angle. 

3. On a base 2-3 in. long, draw an isosceles triangle whose other 
aides are 34 in. long. 

Proposition 31. Problem. 

To construct a triangle having given two sides and the included 
angle. 

If AOB is the given L , from OA and OB, with a pair of compasses, 
cut off OC, OD respectively equal to the given sides. Join CD. 

OCD is the reqd. A. 

Proposition 32. Problem. 

To construct a triangle having given one side and the adjacent 
angles. 

If AB is the given side, draw the angles BAC, ABC equal to the 
given angles, using the, method of I. 25. 

ABC is the reqd. A. 

Proposition 33. Problem. 

To construct a triangle having given one side and two angles, one 
angle leing opposite the given side. 

If AB is the given side, dtaiw the ABAC equal to the A which is 
hot opposite to AB. 

On the opposite side of AC to the pt. B, draw the aCAO equal 
to the A opp. AB. 

Through B draw BE || to AD cutting AC at E. 

AEB is (hereqd. A, for AAEB = ADAE. Alt. At. 
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Proposition 34. Theorem. [The Ambiguous Case.] 

The following proposition is important; it will be seen that ir^ 
one case the triangles are equal in all respects. 

If two triangles have two sides of the one respectively equal to two 
sides (f the other, and also the angles equal which are opposite to one 
pair of equal sides, then the angles opposite the other pair of equal 
sides are either equal or supplementary. 

Let As ABC, DEF be such that 


AB = DE, AC = DF, 
and aABC=aDEF. 

It is reqd. to prove that Ls ACB, 

DFE are equal or supplementary. 

abac must be either equal to 
L EOF or not. 

(1) When ABAC== AEDF. 

In As BAC, EOF, (1) aBAC = aEDF, Given, 

(2) AABC = ADEF, 

*(3) AB=-DE; 



A ACB = A DFE, 


and the As are equal in all respects. 
(2) When ABAC is not equal to 

A EOF. 

At the pt. D, on the same side 
of DE as the pt. F, supix)se the 
aEDG made equal to the ABAC, 
and let EF, produced if necessary, 
meet DG at G. B 

Then in the As ABC, DEG, 

(1) A ABC = A DEG, 

(2) ABAC = AEDG, 

(3) AB = DE; 

AC = DG and aACB= aDGE. 
Also DF = DG; aDFG = 4DGF; 



(I. 10.) 
p 



Given. 

Cons, 

( 1 . 12 .) 
( 1 . 11 .) 


A DFE = the supplement of A DFG 
=the supplement of aDCJF 
=the supplement of a ACB. 

Wherefore, if two triangles, etc. Q.E,D. 

This proposition may be omitte^ from a first reading. 
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Proposition 36. Problem. 

To construct a triangle havinfj given two sides and the angle 
opposite one of them. (The Ambiguous Case.) 


B |C 



Let AB, CD bo the given sides. 

If the L opp. CD is given, draw the LBAE-the given angle. 
With centre B and rad. CD, describe a circle cutting AE at 
Q and H. Join BG, BH. 

(A.B.—If the circle docs not meet AE, the construction is 
impossible.) 


B 



1. If G and H lie on the same side of AB as the aBAE, we shall 
have two As satisfying the given conditions, viz. 

• AAGB and AAHB. 

2. If G and H fall as in the second figure, we have but one A 
(AAHB) satisfying the given conditions. 

3. If the circle touches AE, i.e. meets it at one point only, 
we shall again have but one A as required. 

Construction of a triangle from given data. 

If three elements or parts of a triangle are given, the triangle 
can be constructed, provides that one of the given elements is a 
side. 

The difierent eases are specified below, and are very important. 

(1) When the three sides are given. 

(2) When two sides and the included angle are given. 
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(3) When two sidei and the angle opposite one of them are 
given, 

Ifhe ambiguous case. 

(4) When one side and two angles are given. 

(The third angle may be found by means of Prop, 7.) 

mPOBTANT lESCELLAlfEOUS EXERCISES. 

1. From two given points on the same side of a given straight line, 

draw two straight lines meeting in the given line, and making equal 
angles with it. 2. 

(Analysis. Let A and B be the given pts., and CD the given line. 
Suppose tIuU AE and EB are the reqd. lines. Draw AF perpr to CD, 
and let it, when produced, meet BE produced in K. We then see that 
AF=FK, and the reqd. construction easily follows.) 

2. Any two sides of a triangle are together greater than twice the 
line joining the vertex to the middle point of the base. XVIII. 4. 

(If AD be the lino from the vertex A to the middle point of the base 
BC, produce AD to E, making DE equal to AD. Join CE. Prove that 
CE=AB. The proposition then follows. Tliis is a useful construo- 
tioa) I 

3. Construct an isosceles triangle having given the base, and the 

sum of one of the equal sides and the perpendicular from the vertex 
to the base. XVIII. 6. 

4. Construct a triangle having given the base, one of the angles at 

the base, and the sum of the sides. XVIII. 6, 

[Analysis. Let AB be the given base, BAC the given angle, and AC 
the given sum of the sides. Join BC. Then if ADB be the reqd. A, 
we_ see that BD=DC, and therefore the 4DBC=tho Z.DCB. The 
reqd. construction now easily follows.) • 

6. Construct a triangle having given the perimeter and the angles 

at the base. XVUI. 7. 

[Analysis. Suppose that ABC is the reqd. A. Then if BC be produced 
both ways so that BD=BA and CE=CA, DE is the perimeter of the A, 
and is therefore known. Moreover, the /.ADB^^one half the A ABC, 
■and the AAEC=onc half the aACB. Hence since the As ABC, ACB 
are given, the reqd. construction easily followa) 

d. Find a point in a given straight line so that the sum of its joins - 
to two given points on the same side of the given straight line may 
be as sznAd as possible. XVHL 8. 

7. The middle point of the hypotenuse of a right-angled triangle 

is equidistant from all the angular points. XVHL 9. 

(U D be the middle point of the hypotenuse AB, prove that DC oaqnot 
beJees or greater than DA or DB.) 
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EXERCISES. 

1. Construct a right-angled triangle having given the hypotenuse 

and one side. XVI. 16. 

2. Construct a right-angled triangle having given the hypotenuse 

and the perimeter. XVI. 16. 

3. Construct an equilateral triangle having given the perpendicular 

from the vortex to the base. XVI. 17. 

4. Construct an isosceles triangle having given the vertical angle, 
and the length of the perpendicnlar from it to the base. XVI. IS. 

6. Construct an isosceles triangle having given its perimeter, and the 
length of the perpendicular from the vertex to the base. XVI. 14. 


MENSURATION EXERCISES. 

1. Draw a triangle whose sides are 3^, 2^, and 4 inches long. 

Measure its sides in centimetres. XVII. 1. 

2. Make a triangle whose sides are 4, 5, 6 centimetres long, and 

measure its sides in inches and decimals of an iusb. XHI. 2, 

3. Draw a right-angled triangle having its hyiiotenuse 6 centimetres 

long, and one of its angles equal to 35 degrees. Explain your con¬ 
struction. XVII. 3. 

* 

4. Describe an equilateral four-sided figure. Cut it out in paper, 
fold it about its diagonals, and deduce facts, giving your reasons. 

XVII. 4. 

5. Construct an isosceles triangle on a base of 2 inches, having each 
of ite base angles equal to 40 degrees. Measure the equal sides. 

. xvn.6. 

6. Find in degrees the angle of a regular pentagon; and on a 

base of 3 centimetres, with the help of a protractor, make a regular 
pentagon. XVu. 8. 

7. Describe a regular hexagon on a base of 4 centimetres. XVII. 7. 

8. On a base of 2 inches describe a triangle with base andes of 

30 and 60 degrees. Measure its sides in centimetres. XVII. 8. 

9. Make a triangle whose angles ate proportional to 1, 2, and 3. 

XVII. 9. 

, 10. Describe host to draw a perpendicular to a given straight line 
byfoiding. Xm 10. 

11.,With ruler and compasses (no protractor), make an angle of 
30 degrees. Explain your eonstruotion. XVU. 11. 
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12. Make a right-angled triangle having one of the acute angles 

double the other. Measure the hypotenuse and the shortest side. 
Prove geometrically that in such a triangle the longest side is double 
the shortest. XVII. 12. 

13. On a base 1-4 inches long, draw an isosceles triangle whose 

altitude is 2-4 inches. XVII. 13. 

14. Two sides of a triangle are respectively 2'5 inches and 3-4 Inches 

in length, and the included angle is 33 degrees. Draw the triangle 
and measure the third side. XVIT. 14. 

15. Draw a right-angled triangle whose sides containing the right 

angle are respectively 3-7 cm. and 3-2 cm. long. Ascertain by measure¬ 
ment the length of the other side. XVII. 16. 

16. From a given point C draw a straight lino one inch long to a 

given straight line AB. How many solutions do yon obtain, and when 
is a solution impossible ? XVII. 16. 

17. On a base of 3 centimetres draw an isosceles triangle having its 

equal sides together equal to 7 centimetres. XVII. 17. 

18. A tower subtends an angle of 45 degrees at a point in the hori¬ 

zontal plane through its foot at a distance of 60 feet from it; find the 
height of the tower. • XVII. 18. 

19. A and B are two points on a circle of radius 2 inches. If the 
straight line AB is 3 inches long, find, with the help of a protractor, 
the angle which AB subtends at the centre of the circle. XVII. 19. 

20. Describe a triangle ABC, such that AB=3, BC=4, and CA=6 

centimetres. Measure the length of the line joining the point B to 
the middle point of AC. XVII. 20. 

21. Describe a triangle ABC, such that AB=3 inches, the aCAB= 40, 
and the Z.CBA=60 degrees. Measure the sides CA, CB. XVII. 21. 

22. Describe a triangle having two of its sides 2 and 2jj'inches long, 

and the included angle equal to 40 degrees. Measure its third side in 
inches and decimals of an inch. XVII. 22. 

23. Draw a line 4 inches long and measure it in centimetres. Hence 
express 1 inch in centimetres: and explain how it is that a more 

• accurate result can be obtained in this way than by measuring a line 
1 inch in length. XVII. 23. 

24. A tower subtends an angle of 30 degrees at a point in the hori¬ 

zontal plane through its foot at a distance of 300 feet from it. Taking 
an inch to represent 100 feet, draw a diagram representing the tower, 
and measure its height. XVII. 24. 

25. A tower has an elevation of 60 degrees froM a point A; and 

from B, 30 feet farther away, the elevation is 46 degrees. Taking a 
centimetre to represent 10 feet, draw a diagram to represent the tower, 
and measure its height. XVIL 26. 
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26. C is a point at equal distances from two points A and B, and 

the angle ACB = 100 degrees: taking an inch to represent 100 feet, 
draw an accurate diagram, and measure the length of AC when 
AS=300 feet. XVU. 26. 

27. A flagstaff stands on a mound 20 feet high. From a point A at 

the foot of the mouml the elevations of tho foot and the Bummit.of the 
flagstaff arc 45 and 60 degrees respectively: taking an inch to represent 
20 feet, draw a diagram and And the distahee of the i)oint A from the 

top of the flagstaff. XVII. 27. 

28. Draw, without the help of a protractor, as accurately as you can, 
an jingle of 22| degrees. Describe your constniction. XVII. 28. 

29. Construct a triangle whose base is 5 cm., perimotor 16 cm., and 

one base angle 62”. XVII. 29. 

30. Construct a triangle whose base is 5 cm., altitude 4 cm., and 

one base angle 45”. XVII. 30. 

31. Draw a pavement consisting of equal regular hexagons. Draw 

one composed of squares and regular octagons. XVII. 31. 

32. A and B are fixed points. Draw AC, BC so that the angle C 

may be 16”. XVII. 32. 

33. A triangle has sides 2*5, 3, 3*5 cm. Find a point equidistant 
from all its vertices. Find also a point equidistant from its sides. 

XVII. 33. 

34. A triangle has sides AB: 4, BC-S, CA:-4*5 cm. Finil a point 

equidistant from A and B and 2 cm. from C. XVII. 34. 
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DEFINITIONS. 

1. A parallelogram is a four-sided figure which has its opposite 
sides parallel. 

2. A rectangle is a parallelogram which has one of its angles 
a right angle. 

(It will be shown hereafter that all the angles of a rectangle 
are right angles.) 

3. A square is a rectangle which has two adjacent sides equal. 

(It will be proved that all the sides of a square are equal, and 

all its angles right angles.) 

4. A trapezium is a four-sided figure which has two of its sides 
parallel. 

6. The altitude of a parallelogram is the perpendicular distance 
between the base and its opposite side. 

6. The altitude of a triangle is the perpendicular distance of 
the vertex from the base. 

(Thus a triangle may be said to have three altitudes, one drawn 
from each angular point to the opposite side.) 

7. The straight line joining any angular point of a triangle 
to the middle point of the opposite side is called a meton of 
the triangle. 

B. ^ rhombus is a four-sided figure, which has all its sides equal, 
but its angles are not right angles. 
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Proposition 1. Theorem. 

The ofposi^ angles of a paralklogram are equal; and conversely, 
if the opposite angles of a quadrilateral are equal, the figure is a 
paraUehgram. 

Let ABCD be a parallologram. 

A B 

LJ 

D C 


It is reqd. to prove that Lk — LC and 
LB^LO. 

Since AD is || to BC, ^ A is the sup 2 >leinent of z. B. (1.5.) 

Since AB is 1| to DC, Z.C is the supplement of Z.B. (I. 6.) 

.'. Lk = LG. 

Similarly z.B = z.D. 

Conversely, let Lk = LC and z.B = z.D. 

It is reqd. to prove ABCD a parallelogram. 

Here z.A + z.B = z.C+z.D = l the sum of the four z.s. 

But the sum of the 4 angles = 4 rt. z. s, since the figure may be 
divided into two triangles. (I. 7.) 

Z.A+ z.B = 2 rt. z.s; 

.'. AD is II to BC. 

Also z.A+z.D = z.A+z.B = 2rt. Z-s; 

.'. AB is II to DC . (I. 4.) 


Q.E.D. 


Corollary. The angles of a rectangle are all 
■ Let ABCD be a rectangle having the Z.BAD 
a rt. angle. 

Since the fig. is a parallelogram, 

the z.BCD = the opp. z.BAD=art. L. 
Also, since DC is parallel to AB, , 
the two int. l s CDA, DAB are together equal to 


right angles. 

D_C 


two rt. Z.S. 

But the L BAD is a rt. z.. 


Gwen. 


.'. the z. CDA is a rt. z.; 

.'. the opp. L C8A is a rt. L'. (J.e.d. 
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Peoposition 2. Thiobbm. 

The opposite sides of a paraUdogram are equal to one another, and 
each diagonal Usects the parallelogram ; and the converse. 

Let ABCD be a par”, and AC a diagonal. 

It is reqd. to prom that 

(1) AD=BC, (2) AB = CD, 

(3) the A ADC=the ACBA. 

In the As ADC, CBA, 

(1) the ADAC=thc ABCA, all. Ls, (I. 5.) 

(2) the ADCA-^tho ABAC „ 

(3) AC is coinraou ; 

AD=BC, 1 

CD=AB, I (1.10.) 

and the A ADC=the A ABC in area. I 

Q.E.D. 

Conversely, if the opposite sides of a quadrjfateral are equal, the 
figure is a parallelogram. 

In the quadrilateral ABCD let AB = CD, and AO=BC. 


Prove that ABCD is a pirallelogram. 

Inthe AsABC, COA, (1) AB=CD, Oiven.' 

(2) BC = DA, 

(3) AC is common ; 

.-. aACB = aCAD and aCAB = aACD. (1.13.) 

Since . AACB=alt. ACAD, BC is || to AD. (1.4.) 

Since ACAB=alt. AACD, AB is || to DC. (I. 4.) 


Q.E.D. 

Corollary. AU the sides of a square are eqml, and all its 
angles are right angles. 

Let ABCD be a square. 

Since the fig. is a rectangle, Def. 

its angles arc all right angles. Cor. 1. 

Also since the fig. is a parallelogram, Def. 

its opposite sides arc equal. (II. 2.) 

But, by def., two of its adj. sides are equal; 

all its sides are equal. q.e.d. 
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PnoposmoN 3. Theorem. 


The diagonals of a paraMdogram bisect one another, and the 
converse. 

Let the diagonals AC, BD of the par¬ 
allelogram ABCD intersect at O. 

Then in the As AOD, COB, 

(1) the vertically opp. As AOD, COB 

are equal, (I. 2.) 

(2) the alt. as ADO, CBO are equal, 

(3) AO=BC; 



.'. AO = CO, and BO = DO. 


( 1 . 10 .) 

Q.E.D. 


Conversely, if the diagonals of a quadrilateral bisect each other, 
the quadrilateral is a parallelogram. 

Let ABCD be a quadrilateral whose diagonals bisect each other 

atO. 

It is reqd. to prove that ABCD is a paraUolegmm. 

In the As AOD, COB, 

(1) AO=CO, 

Given. 

(2) DO=BO, 

it 

(3) A AOD = A COB (vert, opp .); 

(I. 3.) 

.'. AO=CB, and aAD0 = aCB0. 

(I. 9.) 

Since a ADO=alt. a CBO, 


AD is II to CB. 

{I. 4.) 

Similarly, from the As AOB, COD, A3 is || to CD. 

Q.E.B. 


Proposition 4. Theorem. ' 

The straight lines which join the extremities of equal and qmrallel 
straight lines towards the same parts are themselves equal and 
paraUel. 

Let AB, CD be two equal and || str. lines 
joined towards the same parts by the str. 
lines AC, BD. 

It is reqd. to prove that AC is equal and 
II to BD. 

Join BC. 

, AB is II to CD; .'. aABC= alt. ABCD. (1.6.) 
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In As ABC, DCB, 

(1) AB=»CD, 

Given. 

(2) BC is common. 


(3) included i ABC=included a BCD ; 

Proved above. 

AC=BD, ] 

•(1.9.) 

and ABCA = aCBD, J 

but these are alternate as ; 

.-. AC is II to BD. 

(I. 4.) 

Q.E.D. 

EXERCISES. 


1. Describe a parallelogram having one side 1 inch and its diagonals 
2 and 1’6 inches long. 

2. Bisect a straight line by moans of a ruler and a set-square. XIX. 4. 

3. Every rhombus is a parallelogram. XIX. 6. 

4. The diagonals of a rhombus bisect one another at right angles. 

• XIX 10. 

5. Draw a straight line parallel to the base BC of a triangle ABC 

such that the part of it intercepted between the two sides AB, AC may 
be equal to 2 cm., BC being greater than 2 cm. ^XIX. 11. 

6. ABCD, ABEF arc two parallelograms having a common side AB. 
If CE, DF be joined, show that CDFE is a parallelogram. XIX. 12. 

7. The extremities of two diameters of a circle are joined; prove 

that the figure thus formed is a rectangle. XIX. 14. 

8. E, F, {i, K are points in the sides AB, BC, CD, DA respectively 

of a parallelogram ABCD, such that AK is eqnal to FC, and AE is equal 
to CH. Show that EFHK is a parallelogram. XIX 16. 

9. If two opposite sides of a quadrilateral are parallel, and the other 

two sides are equal and not parallel, prove that the angles adjacent to 
mther of the first pair of sides are eqnal. XIX 16. 

10. Through a given point D within a given angle BAC, draw a straight 

line BDC so that BD is equal to DC. XIX. 20. 

11. Every straight line drawn ^ough the intersection of the diagonals 
of the parallelogram divides the parallelogram into two equal parts. 

XIX 22. 

12. The longer liides of a parallelogram are twice as long as the 

shorter sides. Show that the straight lines joining the midme point 
of one of the longer sides with the ends of the opposite side, are per- 
pendionlar to one another, XIX. 13. 
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Proposition 6. Theorem. 


The straight line drawn through the middle point of one side of a 
triangle parallel to another side bisects the third side. 


Let ABC be a A, D the mid-point of AB, .A 

and D'E II to BC. 

It is reqd. to prove that DE bisects AO. XI. ri \ c 

From D draw DH |1 to AC to meet BC \ 

atH. X \ 1 

Inthe AsDAE, BOH, B H C 

(1) ADAE = ABDH, since AE is H to DH. (I. 5.) 

(2) A ADE - L DBH, since DE is || to BH. 

{3)AD = DB; ' Given. 

.-. AE = DH (1.10.) 


= EC. 0pp. sides of a par’^. 


Q.E.D. 


Peopo.sttion C. Theorem. 

C 

Tlte straight line joining the middle points of two sides of a triangle 
is parallel to the third side, and equal to one-half of it. 


Ijfit ABC be a triangle, and D, E the 
mid-points of AB, AC. 

It is reqd. to p'ove that DE is || to BC, 
and equal to one-half of BC. 

Produce DE to F so that EF = DE. 

Join FC. 

In the As AED, CEF, 

(1) DE = EF, 

(2) AE = EC, 

(3) A AED = A CEF {vert. 
.'. AD=FC, and aADE^ 

Since AADE=alt. AEFC, AB is || to FC. 



opp .); 

= aEFC. 


(I. 3.) 
(I. 9.) 
(I. 4.) 


But FC = Ap 

= DB. 

Sinpe FC is equal and || to DB, 

DF is equal and || to BC. ' 
Also DEishalf of DF; 

DE is half of BC. 


Given. 

(II. 4.) 
q.'E.d. 
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Proposition 7. Theorem. 

If several parallel straight lines cut equal intercepts on one trans¬ 
versal, they do so on all transversals. 

Let a transversal (*.e. any 
intersecting line) BEHM cut the 
parallel str. lines AC, DF, GK, LN 
so that the intercepts BE, EH, 

HM are equal to one another. 

Let CFKN be any other trans¬ 
versal, as shown in the fig. 

It is reqd. to prove that 
CF = FK = KN. 

Draw BP, ER, HS parallel to 
CFKN as shown in the fig. 

In the As BEP, EHR, 

(1) 8 E = EH, 


(2) ext. z.BEP=int. opp. a EH 5 , (1. 5.) 

(3) A EBP = A HER; (1.5.) 

.-. BP = ER. (I. 10.) 

But BF and EK are parallelograms; 

CF=BP and FK = ER ; " (II. 2.) 

CF=FK. 


In the same way it may be proved that FK = KN, and so on. 

Q.E.D. 

Before leifrning the next proposition, the stndent should work 
some examples on the use of squared paper. 

Proposition 8. Theorem. 

The area of a rectangle is measured by the produel of the measures 
of its length and breadth. . 

Let ABCD be a rect. having AB 
a units and AD b units of lengt(}. 

Let AB be divided into equal parts, 
each one unit in length; so that there 
are a parts. • 

Also let AD be divided into equal 
parts,^oh one unit in length; so that * 
there are b parts. 
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Through the pte. of division draw parallels to AB and AD 
respectively. The rect. is thus divided into a number of sqs. each 
one unit long and one unit broad. 

Moreover we see that there are b rows, each containing a squares, 
the area of the rect. is equal to ab unit sqs. 

Thus if we take an inch as the unit of length, the area of the 
rect. will be ab sq. inches. 

The above result may be stated as follows: “ The number of 
units of length in the length, multiplied by the number in the 
breadth, will give the number expressing the area of a rectangle.” 

In a condensed form it is ; “ The arm of a rectangle is the frodwi 
of the length and the breadth.” 

The proof holds for the case in which the, lengths of the sides 
are not whole numbers. For instance, let the sides of a rectangle 
be 2-7 in. and 3'2 in. Take one-tenth of an inch for unit of 
length. Then the sides contain 27 units and 32 units respectively, 
and the argument applies equally to this case. 

PaoposmoN 9. Theorem. 

The area of a •pdraUdogram is eqval to the area of a rectangle 
on the same base and between the same parallels, ana is measured 
by the product of the measures of its base and altitude. 



Let ABCD be any parallelogram. 

Let BE, CF be perpendiculars drawn from B, C to AO. 

In the right-angled As CFD, BEA, 

CD=BA (opp. sides of a parallelogram) 

and CF=BE .. 

.-. the ACFD=the ABEA. (1.14.) 

Add to each the figure ABCF. 

Then the par™ ABCD = the rectangle EBCF 

= EB.BC=the product of the altitude 
and base. q^.b.D. 
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Proposition 10. Theorem. 

Parallelograms of equal altitudes on equal bases are equal in area. 


A I 

;>___E_K 

\ 

\ . ■/ 


B 1 




Let ABCD, EFHK be parallolograma of which the base BC 
“the base FH, and the altitude DL = the altitude EM. 

It is required to prom that the qxirallelogram are equal in area. 

The par™ ABCD“DL.BC 

= EM . FH Oioen. 

“the par”! EFHK. 

This proposition includes both the following : 

Paraltelograms on the same base and between the same paraUele are equal 
in area; parallelograme on equal baee.e and betwemi the same parallels are 
equal in area. 

Proposition 11. Theorem. 

The area of a triangle is equal to one-half of the area of tPredangle 
on the same base and between the same parallels. 


F A E F E A 



B DC BCD 

ITS. 1. Fls. 2. 

Let the AABC and the rect. BCEF be on the same base BC, and 
between the same ||s BC and EF. 

It is reqd. to prove that AABC=J rect. BCEF. 

Draw AD perp' to the base BC, produced if necessary. 

InKg. 1, aAbC==AABD + AADC 

=J reot. FD + i rect. DE (11. 2.) 

“Jreot. FC. 
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In Pig. 2 ; AABC = A ABD - A ADC 

= J- rect. FD - reet. DE (II. 2.) 

= 5 rect. FC. _ Q.E.D. 

Cor. 1. The area of a triangle is measured by one-half the product 
of the measures of its base and altitude. 

By tile above proposition, 

AABC = | rect. FC = |. BF . BC = | AD . BC. 

Coe. 2. From Cor. 1 it follows that: 

Triangles on the same or equal bases and of the same altitude 
are equal in area. 


EXERCISES. 

1. Find the area of a A 2 ft. high, on a base of 14 inches. 

2. Draw a A with sides 3, 4, 5 cm. Given that it is right-angled, 

find its area. Calculate the length of the altitude drawn to the longest 
side. <• 

3. In a right-angled A whose sides are 5, 12, 13 cm., calculate the 
length of the perpr drawn from the rt. A to the opposite side. 

4. In a right-angled A whose sides are of length 0 , 6, c, prove that 
ab-i-c is the length of the altitude drawn to the hypotenuse c. 

6. Find, by measurement of the altitude, the area of an equilateral A 
on a base of 4 inches. XXIV. 11. 


Proposition 12. Theorem. 

The area of a trapezium is half the qiroduet of the sum of the 
parallel sides and the perpendicular distance between them. 

Let ABCD be a trapezium, having AB par' to CD. Join AC. 
Let AB be a units, CD 6 units, and the common altitude of the 
As ABC, DAC h units in length. 

(The altitude of each A is the perfF 
distance between the parallels AB, CD.) 

Thejf the area of ABCD 

=the A ABC-f the AACD 
= lah + \bh 
= lh(a + b). 
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THE FIELD-BOOK. 

In surveyora’ work the area of a rectilinear plane figure is 
found by simply dividing it up into right-angled triangles and 
trapeziums. 

The division is performed by joining two angular jjoints and 
by measuring the perpendicular distances of the other angular 
points from this base line. The perpendiculars are called offsets. 

The method will be understood from the following plan of a 
field and its record in the field-book. The field-book is to be 
read upwards. The numbers in the middle column show the 
distances of Q, H, K, L, B respectively all tneasured from, A; the 
other columns show the lengths of the perpendicular offsets left 

Field-book. 



and right, Thus CG = 110, HD = 128, KE = 110, FL = 68 . It 
only remains to calculate the areas of the four right-angled 
triangles and the two trapeziums. 

EXERCISES. 

Draw plans and find areas of fields from the following entries in the - 
Field-book: 



Links. 



Links. 

128 

960 


2. 

360 


896 

224 

60 

300 


768 

240 


244 90 •• 

320 

752 


90 

180 


608 

160 


144 80 

240 

160 



0 20 
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Proposition 13. Theorem. 

Triangles equal in area on equal loses in the same straight line and 
on the same side of that straight line are between the same parallels. 



side of it. 

It is reqd. to prove that AO is || to BF. 

Let AH, OK be perp' to BF. 

• The AABC==|AH .BC, 
and the A DBF = 1 OK . EF. 


But the AABC=the ADEF ; 

Given. 

AH . BC = DK . EF. 


ButBC = EF; 

Given. 

AH = DK. 



Moreover, AH is |1 to DK, since both arc perjF to HK ; 

AD is II to HQ. Q.E.D. 

The same proof would apply to the proposition —Triangles equal in area 
on the same base and on the same side of it are between the same parallds. 


BIPOETAMf EXERCISES. 

1. The joins of the middle paints of the sides of a triangle divide 
the triangle into four congruent triangles. 

2. ftp. any quadrilateral, (1) the straight line joining the middle 

points of two adjacent sides is parallel to a diagonhl and equal to half 
of it; (2) the figure formed by joining the middle points of the aides 
k order is a parallelogram ; (3) the straight lines joining the middle 
points of opposite sides bisect one another. XX. 2. 
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, Proposition 14. Theorem. 

If a triangle and a paraUdogram he on the same hose and between 
the same parallels, the parallelogram is double of the triangle. 

Let ABCD be a par'" and EBC a A on 
the same base and between the same ||s ADE 
andBC. . 

It is reqd. to prone that the fiarallelogram is 
double of the triangle. 

Join AC. 

AC is the diagonal of the par™; 
the A ADC = the A ABC. 
the par™ ABCD is double of the AABC. 

But the A ABC=the A EBC (on the same base and of equal 
altitudes); 

.'. the par"' ABCD is double of the A EBC. Q.E.D. 

Definition. —If through a point in the diagonal AC of a 
parallelogram straight lines be drawn parallel to the sides, the 
figure is divided into four parallelograms. Of these, the two 
whose diagonals lie in AC are called parallelograms about the 
diagonal AC, and the other two are called the complements of 
these. * 



Proposition 16. Theorem. 

The complements of the parallelograms about the diagonal of any 
parallelogram are equal. 

Let ABCD be a par"", and BE, DE the com¬ 
plements of the p8r““ about the diagonal 
AC formed by drawing PEG, HEK || to AB and 
AD respectively. 

It is reqd. to prove that the complement 
BE=ihe complement DE. , 

EQCK is a par™ and EC a diagonal; Cons. 

AEGC = AEKC. 

In the same way, A AH E = A AFE; 

AsEGC, AHE = AsEKC, AFE. 

But the whole AABC=the whole AADC; (11.2.) 

the remainder, the complement BE, 

=-the remainder, the complement DE. q.e.d. 



(II. 2.) 
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EXERCISE. 

Given a rectangle 6 em. by 3 cm., construct one of equal area which 
shall have one side 4-6 cm. in length. 

(Construct a rectangle so that these two rectangles shall be the 
complements of the rectangles about the diagonal.) 

Pboposition lt>. Theorem of Pythagoras. 

In any riylU-angled triamjk, the, equate described on the side 
std)tending the right angle is equal to the squares described on the sides 
containing the right angle. 

Let ABC be a rt.-anglecl A, having the 
rt. L at A. 

It is reqd. to 'prove that the sq. on BC —the ^ 
sqs. on AB and AC. 

Let BDEC be the sq. on BC, and ABFM, 

ACKH the sqs. on AB, AC respectively. 

Also let AL, drawn H to BD or EC, meet 
DE at L. 

Join AD, CF; 

the As BAM, BAG are rt. As; 

MA and AC are in one str. line ; (I. 2.) 

.'. the sq. BM= twice the AFBC (on the same base and 

between the same parallels). (II. 11.) 

For the same reason the root. BL = twice the A ABD. 

Now the AS FBA, OBC are rt. As; 
adding the A ABC to each, the AFBC = the A ABD. 

Then in the As FBC, ABD 

(1) FB=^AB Sides of a sq. 

(2) BC ==BD Sides of a sq. 

(3) the A FBC = the A ABD; Proved above. 

.-. the AFBC = the A ABD. (1.9.) 

But the sq. BM = twice the AFBC, 
ana the rect. BL=twice the A ABD ; 

.'. the sq. BM =the rcct. BL. 

In tlje same way, by joining BK and AE, it may be shown that 
the sq. CH =the rect. CL; 

the two recta. BL and CL=the sqs. BM and CH, ^ 

i.e. the sq. BE=the sqs. BM and CH. q.e.d. 
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Proposition 17. Theorem. 

If the square described on one of the sides of a triangle be equal to 
the squares descried on the other two sides, the angle contained by 
those two sides is a right angle. 

Let ABC be a A such that 

the sq. on BC = the sqs. on BA and AC. 

It is reqd. to prove that the L BAC is a right L. 

Let AE be drawn at rt. As to CA, and cut oil 
AE equal to AB. 


.loin EC. ® C 

The A CAE is a rt. A. 

.'. the sq. on CE 

= the sijs. on CA and AE (11. 16.) 

=tho sqs. on CA and AB (for AB=AE) 

=thesq. onBC; Given. 

.-. CE = CB. 

Hence in the As BAC, EAC, 

(1) AB=AE, Crnis. 

(2) CA is common, 

(.I) BC=CE; Proved. 

the A BAC == the A EAC (I. 13.) 

= a rt. A. Cons. 


Q.E.D. 

Geometrical representation of J2, >/3, Jb, etc. 



Draw AB 1 inch in length. Perpendicular to this draw BZ of 
inddEnite length. 
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Along BZ mark ofl BC equal to BA. Then AC represents s/.?. 

„ „ BD „ AC. Then AD „ >/3. 

„ „ BE „ twice AB. 

Then AE represents s/5. 

Along BZ mark off BF equal to AE. Then AF represents s/6, 
and so on. ' 

Prop. 16 in my useful in finding the arm of a triangle; for U generally 
enables ua to find the aUitude. 


If a, b, c denote the sides of a trimtgle, and 2s = a + 6 + c, its area 
-•Js(s-a) {s-b){s-c). 

Draw AD perpr to BC, and let BD =x, 
so that CD=a - is; also let AD = p. 

c^=2fi + 3i?', (11. 16.) 

Also l?=j?d-(a-xY\ 

c2-a? = 52-((^-a:)^ 

, c^ + a^-lp 

whence x- —»-. 



Hence 

r c^ + a^-inr c 2 +o 2 - 62 -| 

-["+ 2a JL®" 2a“'J 
_ r(c+r fe"-(c-a)n 
"L 2o JL 2a J 


{c + a + b){c + a-b)(b + c-a){b + a-c) 
4ai*.. 


Butc+o+6=2s; c+o-5=2s-6-6=2(s-5), 
and similarly, 

b + o-a = 2{s-a) and 6 + a-c = 2(s-c); 

. „a 4s{s-o)(s-6)(s-c). 

• • T ~ > 


-^=\ls(s-a)(s-b)(s-c). 
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But the area of the A =^; 

.'. the area of the A =v/s.(s-a)(s -b){s~c). (j.e.d. 

Ex. 1. Find the area of an isosceles A whose sides are 17, 17, 
16 ft. The aliitude p bisects the base 16. ' 

p=7172-82=V(T7 + 8 )Xn-87 =s/25 ><^=5x 3 = 16; ' 

.’. the area = J x 16 x 16 = 120 sq. ft. 

Ex. 2. Find the area of a A whose sides are 15, 37, 44 cm. 

Let the altitvde p divide the fcrtsc 44 into parts xandH-x. 



p'‘ + {H-x)^ = 3V, 

by subtraction 

442-88x=372-1.62; 

.-. 44 (44-2a;) =(37+ 15) (37-15) 

=52x22 

=26x44; 

.-. 44-2s=26; 

.'. a: = 9. 

J)=^/^62^ = 12; 

.’. the area = Jx 12x44 = 264 sq.cm. 

EZEBCISES. 

Find the areas of the triangle whose skies are as follows : 

1. 26, 26, 30 cm. 2. 13,13,10 ft. 3. 13,14,16 yds. 

4. 39,41, 60 m. 6. 26, 62, 63 in. 6. 12'6, 26, 31-6 m. 

Notes on II. 16. 

(o) Pythagoras, a Greek philosopher of the sixth century b.o., is.by. . 
traction orated with the earliest mscovery of a proof of tUs propositiona- 
which is consequently often called the Theorem of Pythagoras. - 
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(6) In Prop. 16 let AN bo perp' to BC. In the cource of the proof it hap 
been shown that the square on AS the rectangle contained by oN» BC;~ 
a result of great importance. 

In the same way, the sq. on AC=the reot. CN. CB. 

Also AN‘-‘-BA*-BN*'» 

=:BN.BC-BN3 
= BN(BC-BN)-BN.NC. 

(c) To construct a square Which shall be twice a given square. Draw 
the diagonal AC of the given square ABCD. The 8<i. on AC = twico the 
square on AB (11. 16). 

If CE bo drawn at rt. Lb to AC and equal to AB, 

then sq. on AE - sq. on AC f sq. on CE (11. 16.) 

--three times sq. on AB. 

This process may, of course, bo continued as far as required. 

{d) To produce a given straight line go that the square on the produced part 
may be iwict the square on the given line. 

]>et AB be the given straight line. 

At right angles to AB draw AC equal 
to AB. 

Join BC. 

Produce AB to D making 6D equal to 
BC. 

Then the thing retjuired is dune. 

(e) Suppose that we had to divide a given straigJU line into two parts so 
that the square on one part should be twice the square on the other. 

In the foregoing figure AO is a line s^) divided. 

the question would bo simply solved by copying the angles of this 
figure ; i.e. by making a right angle at one end of the given line and one-fourth 
of a right angle at the other end: for by I. 7. 

twice lD^^ABC 

=half a right angle. 

(/) It may be noticed that 3*+4*^=6®. 

three straight lines of length 3, 4, 5 respectively will form a right- 
anded triangle. 

Tlie same of course holds for any three numbers which are the same 
multiple of 3, 4,5. 

6, 12« 13 have the same property. 

An unlimited number of groups of 2 numbers having this property may 
be formed. 

The following is an Interesting example: 

U we take the numl^rs 1|, 21,3f, 4^, etc«, and convert them into improper 
fractions, 

the numerators are 4, 12, 24, 40,......, 

and the denominators 3, 5, 7, 9, ; 

^9 numerators increased by 1, 5, 13, 25, 41. 

The vertical columns thus obtained give groups of numbers satisfying 

n. 17 . 
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EXERCISES. 

1. Find the length of the hypotenuse of a right-angled triangle 
who^ other sides are 9 in. and 12 in. 

2. The hypotenuse of a right-angled triangle is 52 in. long, and one 
side is 48 inches long. Find the length of the other side. * 

3. A rt.-anglcd A has its hypotenuse i?in. and one side 4 in. long. 

Determine, by geometry, the third side, and write down the area of 
the A, staling how you arrive at your result. XXIV. 12. 

4. If AD be drawn perpendicular to the base BC of a triangle ABC, 
prove that the difference of the s(piai*ca on the sides AB, AC is equal 
to the difference of the squares on the Hcgments BD, CD of the base. 

XXJI. 1. 

5. From the vertex of an equilateral triatxgle a perpendicular is let 

fall on the base. From II. 16 deduce the length of the perpendicular 
in tenns of the side of the triangle. XXII. 2. 

6. On the sides AC, BC of a triangle ABC squares ACDE, BCFH 

are described outside the triangle; show that the straight linos AF 
and BD are equal. XXII. 4. 

7. Show how to construct a square which shall contain 13 square 

inches. XXII. 6. 

8. Provo that lines of lengths 6, 8, 10 will form a right-angled 

triangle. XXII. 16, 

9. Provo that lines of lengtii 15, 36, 39 will form a right-angled 

triangle. XXII. 17. 

10. Prove that linos of length 28, 96, 100 will form a right-angled 
triangle. XXII. 18. 

H. Draw a rhombiw whoso sides are 5 cm. long and whoso altitude 
is 4 cm. State exactly how you do the problem. XXIV. 17. 

12. Draw a line s/G inches long. Measure it carefully. 

13. If the sides AB, BC, CD, DA of a square ABCD be produced to 

P, R, 8, T respectively, and the parts produced be each equal to a side 
of the square, prove that PRST is *a sc^uaro whose area is 5 times that 
of ABCD. XXII. 11. 

Find the areas of the triangles \ohose sides are as foUows : 

14. 26, 26, 30 cm. 15. 13, 13, 10 ft. 16. 13,14, 15 yd. 

i7. 39, 41, 60 mf 18. 25, 62, 63 in. 19. 12*5, 26, 31*6 m. 

20. In a A whose sides have lengths a, h, c, prove that the altitude, 
drav^ to the base a, outs off from it one segment equal to {a* -f 6* - c*)/2a. 
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CONSTRUCTION OF QUADRILATERALS. 

Consider any quad* ABCD. Join AC. 

If it can bo drawn from given angles and sides, we must be able 
to construct the A ABC. This can only be 
done if we know three of the elements or 
parts of the A, one of which must be a side. 

Also in this case one of the given parts must 
be an angle, unless AC is given. 

The A ABC having been drawn, we have to 
construct the A DAC. One part, AC, is now 
known. Hence we can draw this A if we ® ^ 

are given two more of its parts. 

Thus we see that in order to draw a quad* from given sides and 
angles we must know five of its parts, and that two of these parts 
must be sides. 

EXERCISES. 

QoADnil.ATKEALS. 

1. Draw a quadrilateral ABCD rt.-angled at A and B, and such that 

AB=BC-=3 cm. and CD =6 cm. in length. 

2. Draw the quadl ABCD having given 

AB=AD-6om., BC=3cm., AB -120°, and AD parallel to BC. 

3. Drjw the quad* ABCD having given 

AB=BC=7 cm., DA = DC=6 cm., and the diagonal AC=6 cm. 

4. Draw a rhombus whose diagonals are 8-6 cm. and 9-4 cm. in length. 
(See Example 4, p. 65.) 

Proposition 18. Problem. 

To divide a finite straight line into any number of equal parts. 

C 

H 


E 

D I 

L 1 

A K U M N B 

It is required to divide the sir. line AB into any number of equal 
parts. (Sayfwe.) * 
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Draw any str. line AC at an angle with AB, and on it, with a 
pair of compasses, mark oft equal distances AD, DE, EF, FG, GH. 
Join HB. 

From D, E, F, G draw parallels to HB, cutting AB at K, L, M, N. 
The Us DK, EL, etc., cut equal intercepts on the transversal AC. 
.'. they also cut c(pial intercepts AK, KL, LM, MN, NB on AB. 

Q.E.F. 

PjiOPOSITION 19. PhoBLEM. 

Describe a square on a given straight line. 

Let AB be the given str. line. 

It is required to describe a sq. on AB. 

From A draw AC at rt. Ls to AB. (I. 22.) 

From AC cut off AD equal to AB. 

Through D draw DF || to AB, (I. 20.) 
and through B draw BF || to AD meeting ' 

DF at F. (1.26.) ' A f B 

ABFD will be the required sq. 

For, by construction, it is a par"' with one of its l s a rt. l. 

it is a rectangle. • DeJ. 

Also AB. AD two adj. sides arc equal; 

it is a sq., Def. 

and it is described on AB. • Q.E.P. 

Proposition 20. Pkobeem. 

To reduce a given qttadrikUeral to a triangle of equal area. 



Let ABCD be a quad'. Join AC. 

Through D draw DE || to OA to meet BA produced in E. 

Join EC. ECB will be the A reqd. 

The AACE=tlje AADC, for they are on the same base and 
between the same parallels. 

Add the A ABC to each. 

Then the A ECB =the quad' ABCD in area. 


C 

OU-f 


Q.E.7. 



82 


SCHOOL GEOMETBY. 


Pboposition 21. Pboblem. 

To reduce a given pentagon to a triangle of equal area. 



Let ABODE be the given pentagon. Join AC. 

Through B draw BF || to AC to meet DC produced in F. Join FA. 

The A ABC = the A AFC ; for they are on the same base and 
between the same parallels. 

Add the figure ACDE to each. 

Then the pentagon ABODE=the quad* AFDE. 

By joining AD, and through E drawing EH || to AD to meet 
FD produced in H, we can reduce the quad* AFDE to an equal 
triangle AFH. 

Thus the given pentagon is reduced to a A of equal area. 

By repeated applications of the same process any polygon can 
be reduced to a triangle of equal area. 


Pboposition 22. Pboblem. 

in area to a given rectangle and, 


D 


To construct a rectangle 
having one side of given length. 

Let ABCD be the given rect. Along 
AB cut off AE equal to the given side of 
the reqd. rect. 

Complete the rect. DAEF. Join AF, 
meeting CB at 0. 

Draw GOH i| to AB or DC, meeting AD 
at Q and EF at H. 

6AEH vnll he the reqd. red. 

Proof. The complement OE=the complemeiit OD. 

Add the rect. QB to each. 

Then Rect. GE=rect. DB. 


0 





B E 


(II. 16.) 


Q.B.'P. 
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Proposition 23. Problem. 

To contract a rectangle equal in area to a given polygon and having 
one side of given length. 

F A E 


B D C 

Reduce the polygon to a triangle of equal area. (II. 21.) 

If ABC is the A, bisect BC at D. 

Draw DF and CE perpr to BC, and EAF 1| to DC. Join AD. 

Rect. FDCE=twice AADC = AABC=thc given polygon. Constr. 

The reqd. rect. can now be drawn by the method of the previous 
proposition. 

Proposition 24. Probrem. 

To describe a parallelogram equal to a given triangle and having an 
angle equal to a given angle. 

Let ABC be the given A, and D 
the given L. 

It is required to construct a par" 
equal to the A ABC, so as to have an 
L equal to D. 

Bisect BC at E. (I. 21.) 

At E make the aCEH equal to 
the A D. (I. 26.) 

Through C draw CK || to EH, 

(I. 26.) 

and through A draw AHK || to BC meeting EH, CK at H, K respec-. 
tively. CEHK will be the required par". 

The As ABE, AEC, on equal bases and between parallels, are 
eqoal; .•. the A ABC is Bouble of the A AEC. 

But the par™ HECK is double of the AAEC ; (II. 14.) 

.*. the par™ HECK=the A ABC. 

Moreover, it contains the A HEC equal to the AD; 
it has been constructed as required. 
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^‘roposition 26. Problem. 

To describe a parallelogram which shall have a given straight 
line for one side, an angle equal to a given angle, and its area equal 
to a given triangle. 


E F 

Let AB be the given 3tr. line, C the given L, DEF the given A. 

It is required to describe a par" equal to A DEF, having AB for 
one side, and having an l equal to lC. 

On AB produced describe the ABGH having its sides respectively 


equal to those of AEFD. (I. 30.) 

Muke AGBK equal to AC. (I. 25.) 

Bisect BG at L. (I. 21.) 

Through H draw KMH || to BG, (I. 26.) 


and through L draw LM 1| to BK, 
and through A draw AN |1 to BK or LM to meet KMH in N. 
Join NB. 

NB produced must meet ML produced, since AN and LM are 
parallel 

Let them meet at P. 

Through P draw PQR II to AB to meet KB and NA produced in 


and R. ABCIR shall be the figure required. 

Join LH. 

RB, BM, and RM are par™ by constr.; 

the compt. RB=thecompt. BM (II. 16.) 

=twice the ABLH (11.14.), 

= ABHG ' (II. 11, Cor. 2.) 

= ADEF. Gonstr. 

Also A ABQ=vertically opp. A LEfK ^ (I.'3.) 

= aC. Constr. 

a par"* ApBR has been described, etc. (J.ltlJ. 
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Proposition 26. Problem. 


To desert a parallelogram equal to a given reelilineal figure and 
having an angle equal to a given angle. 



Let ABODE be the given figure and P the given angle. 

Reduce the figure ABODE to the AFOH of equal area. (II. 21.) 
Bisect FH at K, and make the lHKM equal to the given LP. 

(I. 26.) 

Through D draw DMN parallel to FH, 
and through H draw HN parallqj to KM, (I. 26.) 
The As DFK, DKH on equal bases FK, KH and of the same 
altitude arc equal in area. 

the ADFH =twice the A DKH 

=the par“ HKMN. * (II. 14.) 

But the A DFH = the jmlygon ABODE; ' Constr. 

the par™ HKMN =the polygon ABODE. Q.E.P. 


A median of a A is a str. line drawn from an angular pt. to the 
mid. pt. of the opposite side. 

Proposition 27. Theorem. 


The medians of a triangle are commrrent, and their point of 
intersection is one of the points of triseetion of each median. 

Let the two medians BE, OF A 


of the AABO meet at G. 

Produce AQ to H making 
GH-QA. 

If GH cuts BO at D, if is rdqd. 
to mom that BD = DC. 

JoinBH, CH. . 

AF=FB aiven. and AG=GH; 

Constr. 



BH is II to FQ. (IL6.) 
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Similarly CH is || to EG; 

BGCH is a par™. 

But the diagonals of a par™ bisect one another; 

8p = DC, which proves the first part of the proposition. 
Also gd = 5gh = |ag. 

Similarly GF = |GC and 6E = J BG, which proves the second 
part of the proposition. 

Centroid.—The point of intersection of the medians of a triangle 
is called the Centroid of the triangle. 

Proposition 28. Theorem. 

The bisectors of the angles of a triangle are concurrent. 

Let two bisectors AO, BO of the As A and B of the A ABC 
meet at 0. 

Draw OD, OE, OF respectively perp' to BC, CA and AB. 


A 



B DC 

In the As BOD, BOF, (1) OB is common, 

(2) ADBO = AFBO. Gwen. 

(3) ABDO = ABFO; Cans. 

OD = OF. (I. 10.) 

In the same way, from the As AOE, AOF, 

OE=OF; 

.-. OD=OE. 

Then in the rt. angled As ODC, OEC, 

00 is common, and0D=0^; 
the As are congruent, and aOCD = aOCE, (1.14.) 
which proves the proposition. 
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Peoposition 29. Thkokem. 

The j)erpe7idiculars to the sides of a triangle at their middle points 
are concurrent. 

In the AABC, let the perp' bi¬ 
sectors 00 and OE of BC and AC 
meet at 0. 

Join OA, OB, OC. 

In the As BDO, COO, 

(1) BD = DC, 

(2) OD is common, B D C 

(3) ABDO = aCDO ; (rt. As.) 

.-. OB=OC. (I. 9.) 

Similarly 0A = 0C; .'. OA^OB. 

Draw OF perp' to AB. 

Then in the rt. angled As AFO, BFO, 

The hypot. OA = hypot. OB, 
ami OF is common ; 

.'. AF-BF. (I. U.) 

which proves the proposition. 

PaoposraoN 30. Theorem. 

The perpendiculars dram from the angular points of a triangle 
to the opposite sides {sometimes called the altitudes of the triangle) 
meet at a point, which is called the Orthocentre. 



D 

Tljrough the angular points A, B, C of the AABC draw EF, FD, 
DE respectively |1 to the opp. sides. 
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FACB ia a par"’; AF=BC. EABC is a par'”; AE=BC. 

AF = AE. 

Similarly DC = CE and DB=BF. 

Hence the altil’udes of the A ABC are perp” to the sides of the 
ADEF at their mid. pts. 

.'. these altitudes are concurrent. (II. 29.) 

LOCI. 

Dbf. If a point may move hit is subject to certain restriciwns, the 
path which it traces out is called its locus. 

For instance, if a point moves at a constant distance from a 
given point, its locus is a circle with the second given jioint lor 
centre. 

When the locus of a point is said to be a circle, the circum¬ 
ference of the circle is meant. 

When a point moves at a constant jierjientlicular distance from, a 
given straight line and altmgs on, the same side of it, its locus is a 
straight line parallel to the given straight line. 

This can easily be rcrifiod on squared paper. 

If the moving point may he on either side of the given line, the 
locus will be two straight lines, each parallel to the given line. 

OX is a given straight line, ami PN is perpendicular to it. If 
P moves 'so that PN is alunys equal to ON, fiml, with the hdp of 
squared paper, the locus of P. 

OX is a given straight line ami PN is perjiendicular to it. If 
PN is always equal to 10H,fiml, on squared paper, the locus of P. 

Proposition 31. Theorem. 

The locus of a point equidistant from turn fixed poirUs is a straight 
line bisecting at right angles the straight line joining ike two fixed 
points. 

I Let A, B be the given points. 

Suppose DCE drawn so as to bisect AB at 
rt. As at C. 

Let P be any point in DCE. Join PA, PB. 

Then in the As ACP, BCP, 

(1) AC=BC, 

;, (2) PC is common, , 

(3) the A ACP= the A BCP; 

AP=BP. (1.9.) 

Similarly any point in DCE satisfies the given condition. 
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Also we have to prove that no f)oint outside DOE satisfies the 
condition. 

Let Q be any pt. outside DE. Join AQ, BQ, CQ. 

In the As ACQ, BCQ, AC«BC, 

CQ is common; 

and L ACQ is gr. than L BCQ ; Oliliise L gr. than acule L. 

AQ is gr. tlian BQ, (1.18.) 

i.e. Q is not a pt. on the locus. 

.’. the locus is the str. line bisecting AB at rt. As and produced 
infinitely both ways. 

. Proposition 32. Theorem. 

The locus of a point which is equidistant from two yioe.n intersecting 
straight lines is the bisectors of (he angles between the straight lines. 

Let AOB, COD be two str. lines inter¬ 
secting at 0. 

Take any pt. E on the bisiotor of tlu^ 
vertically opp. As AOC, BOD. 

Suppose EF drawn perp' to CD, and EK 
perjF to AB. 

Then in the As OFE, OKE, 

(1) the A FOE = the AKOE, 

(2) the AOFE=the aOKE (rt. As), 

(3) OE is common to both As ; 

.-. EF = EK. (1.10.) 

In the shme way, if H is any pt. on the bisector FOR of the 
AS AOD, BOC, it may be shown that H is equidistant from the 
given lines. 

Conversely, let E be any pt. within the A AOC such that the 
perpendiculars EK, EF to OA and OB respectively are equal. 

In the rt. Ad As EKO, EFO, 

the hyimtenuse OE is common, 

^K = EF; 

aE0K = AE0F, (I-W.) 

i.e. the pt. E lies on the bisector of the A AOC. 

In the same way if a pt. H within the A AOD or A COB satisfies 
the jeqd. condition, we can prove that H lies on the bisector of 
these angles. 
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We have now proved that: 

(1) If E lies on either bisector of the angles, it is equidistant 
from the given lines. 

(2) If E is equidistant from the given lines, it must lie on one 
of the bisectors. 

the locus of pt. which is equidistant, etc. q.e.c. 

EXERCISES. 

Os Loci. 

1. Find the locus of the centre of a circle of given radius which 

rolls on the outside of a given circle. XIV. I. 

2. Find the locus of the centre of a circle of given radius which 

rolls on the inside of a given circle. XIV. 2. 

3. Find cxi>erinientally, on ‘ squared ’ paper, the locus of a point 

which moves so that its distance from one straight Une is double its 
distance from a perpendicular straight line. XIV. 3. 

4. Find experimentally, without proof, the locus of the middle 

point of a straight line drawn from a given point to meet a given straight 
line of unlimiM length. XIV. 4. 

5. What is the locus of the middle points of the radii of a given 

circle t XIV. 6. 

6. A and B are points on two parallel straight lines; prove that 

the middle point of AB is equidistant from the given straight lines. 
What do you infer about its locus t XIV. 6. 

IMPORTANT EXERCISES. 

1. Bisect a given triangle by a straight line drawn from a given 

point in one side. XXIII. 1. 

(If ABC be the given A, and D the given point in AB, bisect AC at 

E and draw BF parallel to DE to meet AC in F. The AADF will be the 
A reqd. 

This construction fails if AD is less than DB. Solve the problem 
in such a case.) 

2. Through any point 0 in a side BC (or BC produced) of a triangle 
ABC, draw a straight line to meet AC (produced if necessary) in E, 
such that the triangle CDE is equal in area to the triangle ABC. XJCIII. 2. 

(Draw BE parallel to AD.) 

3. If AD, CF, BE be parallels meeting two straight lines AB, DE, 

and if C be the middle point of AB, then CF is half the sum of AD and BE, 
unless the point of intersection of AB and DE lies between A and B, 
in which case CF is half the difference of AD and BE, XXin. 8. 
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4. Divide a given straight line into two parts so that the square 

on one part may be twice the square on the other. XXIII. 9. 

(Use the fact that the square on the hypotenuse of an isosceles 
rt.-angle<l A =twice the sq. on either side.) 

5. The bisectors of two exterior angles and the bisector of the third 

angle of a triangle are concurrent. XXIII. 10. 


MENSURATION EXAMPLES. 

1. Draw a straiglit line Vs inches long. Measure its length as 

exactly as you can. XXV. 0. 

2. Draw a straight line of length \/5 centimetres, and measure it. 

XXV. 7. 

3. Taking any straight line as unit ](mgth, obtain a straight lino 

whose length is v^7. Explain your constiuction, and mcasm-e the 
line. XXV. 8. 

4. A ladder, 50 ft. long, rests against the top of a vertical wall BC, 
32 ft. high, with one extremity A on liorizontal ground. If AB, the 
distance of the foot of the ladder from the bottom of the wall, be 24 ft., 
find how far the ladder projects beyond the top oi the wall. XXV. 9. 

5. Make a straight line 5 cm. long, and find by construction another 

line the square on which is twice the square on the first lino. Measure 
the line and write down its length. XXV. 10. 

6. A string, 108 ft. long, has its extremities fixed at points 72 ft. 
apart. If it bo held at a point 30 ft. from one end and drawn aside 
until tight, show that in this position the shorter portion of the string 
will be at right angles to the lino joining the fixed points. XXV. 11. 

7. Draw 'a right-angled triangle on a hypotenuse 6 cm. long, 

having one angle equal to 60 degrees. . Prove, geometrically, that ite 
shortest side is 3 cm, long, and measure, as exactly as you can, its 
other side. XXV. 14. 

8. A quadrilateral has diagonals 30 and 40 ft. long respsctively, 
and at right angles to one another: find the area of the figure. XXV. 16. 

9. Find the area of a triangle having two sides 4 in. and 6 in. long, 

and the included angle 30 degrees. XXV. 16. 

10. The area of a square is 15 acres: calculate, correct to a link, 

the length of its side. XXV, 17. 

11. Find in squase feet the area of a 8<iuare whose diagonal feet 

long. XXV. 18. 

12. #The di^onal of a rectangle is 8 feet long, and one of its sides is 
5 feet long, ftnd, to the nearest square foot, its area. XXV. 19. 
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13. How many tiles 3 inches squaie will it take to pave a hall 8 feet 

by 12 feet ? XXV. 20. 

14. It tal^ 1920 tiles 4 inches square to pave a hall 8 feet wide. 

Find its length. XXV. 21. 

15. In a right-angled triangle the area is one quarter of an acre» and 
one side is 22 yards long. Find the length of the other side. XXV. 22, 

16. Find the area of a right-angled triangle whose hypotenuse is 

39 feet and one side 15 feet long. XXV. 23. 

17. In the triangle ABC, the base BC —12 feet, AC—5 fetit, and 
the Z.ACB=45 degrees. Find its apx)roximate altitude and area. 

XXV. 24. 

18. One side of a triangle is 12 feet, and the perpendicular on it 

from the opposite angular point is 6 feet long. Find tlie length of 
the perpendicular from the opj>osite angular point on another side 
which is 14 feet long. XXV. 25, 

19. Draw a triangle whose sides are 5 cm., 5*6 cm., and 6*4 cm. long. 

Draw and measure an altitude of the triangle, and hence calculate 
its approximate area. XXV. 26. 

20. Calculate to th(r nearest square foot the area of a rhombus whose 
sides ai-e 6 feet long, and one of whose angles is 45 degrees. XXV. 27. 

21. Find to two decimal places the diagonal of a square whoso side 

is 18 feet. XXV. 28. 

22. A boat making 10 miles an liour steams for 3 hours due east, 

and then for 4 hours <lue south. How far is it then from its starting 
point ? XXV. 29. 

23. Find to the nearest link the diagonal of a square whose side is 

4 chains 10 links. XXV. 30. 

24. A ladder 31 feet long Is placed so that it reaches a point in the 

front of a house 23 feet above the ground. How far is its foot from 
the front of the house ? Calculate your result correctly to two decimal 
places in feet. XXV. 31. 

25. The length of the shadow of a tower is 200 feet when the altitude 

of the sun is Jk) degrees. Calculate correctly to two places of decimals, 
the height of the tower. XXV. 32t 

26. A boy, 4 feet high, stands at a.distance of 10 feet from a lamp* 
post, and hi shadow is observed to be 10 feet long. Draw a diagram to. 
scale (5 feet to an inch), and tind the height of the lamp-post. XXV. 33. 

27. Find the length of the hypotenuse of a nght-angled triangle 

which has the other two sides m* - n® and 2mn cm. long. Show that 
if m=n + l the hypotenuse differs from another side by 1 centdinetK, 
and find the three sides when m=13, n=12. XXV. 34. 
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28. The parallel sides of a trapezium are 9 and 30 feet long, and 

the other sides are 17 and 10 feet long. Find its area. XXV. 35. 

29. There is a piece of ground in the form of a trapezium, the lengths 

of the parallel sides of which are 20 and 34 yaivis, an<l tlie lengths of 
the other two sides 15 and 13 yards. Find its area. XXV. 38. 

30. A straight road ris(^s at an angle 30°. How far up it muA you 

go to be 20 ft. above the starting-point ?, What liorizontal distance 
will you bo from the start ? XXV. 57. 

31. What area docs a roller of width 3 ft. 6 in. and diameter 2 ft. 6 in. 

pass over in 100 revolutions ? XXV. 60. 

32. The area of a right-angled triangle is 08 sq. cm., and one of 

the aides containing tiie right angle is twice the other. Find the 
length of the hypo^nuse and the j)er|>endicular from the right angle 
to it. XXV. 61. 

33. A man wishes to find the breadth AB of a river. Ho walks 

300 feet along AC at right angles to AB, and finds the angle AC6 to 
be 66°. He then (salculatcs the required breadth to be 640 feet. Esti¬ 
mate, on squared paper, his error. XXV. 39. 

34. At a point 200 yards from the base of a tower, the angle of 
elevation of its top is found to bo 25°. Find,*l)y means of squared 
paper, the height of the tower. How ctnild you ascertain the height 
of a tree by means of an isosceles right-angled triangle ? XXV. 40. 

35. A land surveyor wishing to find the width of a {X)ndy places 
two posts at A and B, two points on opposite banks of it, and from a 
point, C makes the following measurements : 

AC—25 yards, BC“20 yards, and the Z. ACB—40°. 

Find the width of the pond. XXV. 41. 

36. Construct rhombus whose diagonals are 64 and 48 millimetres 

long. XXV. 42. 

37. Construct a parallelogram having one side 65 mn». long, one 

angle equal to 70°, an<l one diagonal 85 mm. long. XXV. 43. 

38. On a base 12 cm. long construct a tra^wzium having an altitude 

of 3 cm., and each of its equal sides 6 cm. long. XXV. 44. 

39. The diagonals of a parallelogram are 60 and 76 ram. long, and 

one side is 33 mm. long; constnvt it. XXV. 45. 

4D. Draw two lines at an angle of 65°, and find a point 1 inch distant 
from one and 2 inch^os from the other. XW. 46. 

41. Draw a plan, to scale, of the floor of a room, 16 feet wide, and 
24 feet long. Find the distance between two opposite corners. 

XXV. 47. 
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42. On one side of a square describe an isosceles triai^le equal in 

area to the square. XXV. 49. 

43. A rhombus has an angle of 46°, and its sides are rods of 4 inches 
hinged together at their ends. How much must one diagonal be 
sho^ned to make it a square ? Find also the increase of area. 

XXV. 61. 

44. Two sides of a triangle arc 4 and 4^.*!, and the included angle 

is 30°. Find giuphically the hypotenuse of an ei^ual isosceles right- 
angled triangle. XXV, 69. 

45. A gardener is told to enlarge a square llowor bed of 12 feet side 

into one twice as great in area. He makes the side 17 feet. How 
much shorter ought the side to be ? XXV. 52. 

46. A pole 60 feet high stands 40 feet from a house. At what 

point may it break so as just to miss a window, tiie bottom of which 
is 40 feet from the ground ? XXV. 53. 

47. Describe a regular hexagon on a base 2 inches. Reduce it to an 
equal triangle of the same altitude, and measure the base. XXV. 64. 

48. The parallel sides of a trap(5zium arc 5 and 7 cm., and the other 

sides are equal, and eltch 3 cm. Find the distance between the parallel 
sides. XXV. 55. 

49. A straight line is 12 inches long. Divide it into 4 lengths which 

shall make a rectangle 6| sq. inches in area. XXV. 66. 

50. A rectangle containing 640 sq. cm. lias one side 24 cm. longer 

than another. Find the sides. XXV. 58. 

51. A quadrilateral has a diagonal of 84 feet, and the distances of 
the vertices from tliis diagonal arc 37 and 41 feet. Find its area. 

' XXV. 66. 

52. A trapezium has its parallel sides 3 and 28 cm., and the other 

sides 25, 30 cm. Find its area. XXV. 66. 

53. A ladder reaches a window 24 feet high on one side of a str^. 

When turned over through a right angle it reaches one 18 feet high 
on the other side of the street. Find the width of the street and the 
length of the ladder. XXV. 67. 

54. The sides of a triangle are 17,^21, 28. Find, by measurement, 

the length of the median drawn to the greatest side. XXV. 68. 

55. «Ono side of a regular hexagon is 16. Find the area to one place 

of decimals. XXV. 69. 

56. Draw plam of the under-mentioned pieces of ground, and find 

their areas: XXV. 70. 
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(a) 

YARDS 

(i) 

YARDS 



to G 


to G 



204 


GOO 

80toH 

toF94 

108 

to F 140 i 

S60 



122 

lOtoE toEISO 

480 


toD64 

117 


470 

200 ft) D 

toC14 

88 

toC 100 ' 

380 



63 

70 to B ’ 

I 100 

150 to B 


From A 


i From A 



57. Ill a four-sided Held ABCD, AB and AD arc each 96 yards; 

BC = 64 yards; CD-48 yards and the Z.BCD is a right angle. Find 
its area to the nearest sq. yd. XXV. 73, 

58. A gunner at P wishes to know the distance of a jwint E held 
by the enemy. Suppose that R is a third point, and that lie knows 

PR=4325 yards, EPR = 70^ ERP=64“, 
and find the distance PE by rncasiiremont. XXV. 74. 

59. A duck enters the wattir at an angle of 30'^ to the horizontal and 

continues that course below the surface for 18 feet. Another straight 
course of 18 feet brings it to the surfaei^. ('ojculate how far off it 
emerges, and what is the greatest depth reached. XXV. 76. 

60. From a rectangular field part is to ho taken for a building and 

another part for a road, 'i’hc part for the building is a triangle in 
one comer of the field, measuring 150 inetr(5S along each of two sides 
of the held. The road is to bo 11-5 metros wide and to have the 
h 3 ^tonuse of the triangle for one side. Find the cost of the ground 
taken at lOs. a sq. metre. XXV. 77. 

61. A rectilineal figure stands on a base of 5 inclies. Its heights 

measured at intervals of 1 inch are 0, 3, 2, 4, 4k 3 inches. Find its 
area. * XXV. 80. 

62. A tower is 48 feet high. Its section is a 8f|uaro of area 25 sq. feet. 

Find the length of tlio shortest rope which will reach from top to 
bottom, taking one turn round the tower. XXV. 81. 


MISCELI.ANEO09 EXERCISES. 

1. The sides of a triangle are a, 6, c inches. State: 

(1) Which of the following relations are true for all triangles, 

(2) Which are untrue for all triangles, 

(3) Which ard true for some and untrue for others: 

a-\-h>c, abh—c, a+h<c, 


XXVI. 1. 
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2. A6CD is a quadrilateral figure. The angle ABC is a right angle, 
the diagonals AC, BD are at right angles, and 

AC-BD = DC. 

Construct the figure accurately, and prove that 2AB =BC. XXVI. 2, 

3. Construct a square which shall have an extremity of one of its 

diagonals at a given point, and the extremities of the other diagonal 
on a given straight lino. . XXVI. 6, 

4. D is any point in the side BC of an equilateral triangle ABC; 
if AD bo joined and an equilateral triangle ADE be dcsciibecl upon it, 
then will either BD be equal to CE, or BE bo equal to CD. XXVI. 7. 

5. ABCD is a quadrilateral having BC parallel to AD, and E is 

the mid. point of DC. Show that the triangle AEB is half the quadri¬ 
lateral. XXVI. 26. 

6. Through P the middle jwint of the base BC of a triangle ABC, 

a straight line DPE is drawn cutting one of the 8i<les in D and the 
other side produced in E; prove that the triangle ADE is greater than 
the triangle ABC. (The point E is below the base.) XXVI. 10. 

7 If lengths CD, CE, each equal to a line CA, bo measured off on 
any straight lino through C, and AD, AE be joined, prove that DAE is 
a rt. angle. XXVI. 16. 

8. If a quadrilateral be bisected by each of its diagonals it is a 

parallelogram. XXVI. 24. 

9. D^cribe a rhombus equal to a rectangle 4 cm. by 5 cm. 

{Note .—^The diagonals of a rhombus bisect each other at right 
angles.) 

10. If from any point within a rectangle lines be drawn to the angular 

points, the sums of the squares of those which are drawn to the opposite 
angles are equal. _ XXVI. 28. 

11. Construct a rectangle equal to 16 sq. cm. if the length of one 

aide of the rectangle is to be 2*5 cm. XXVI. 30. 

12. The straight lines joining the ends of one diagonal of a parm to 
the mid. pts. of either pair of opposite sides trisect the othet diagonal. 

XXVI. 31. 

13. The str. lines joining any point within a triangle to the vertices 

are together less than the perimeter, but greater than the semi-perimeter 
of the triangle. , XXVI. 32. 

14. Construct a triangle whose angles shall bo proportional to 1,2, 3. 

., XXVI. 17.' 

15. If a straight line EF drawn || to the diagonal AC of a pari^ 

ABCD meets AD, DC, or those produced, in E, F resp^tiveiy, the 
AABE=the ABCF. . XXVI. 18. 
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16. Tbo diSeienoe between the squares on the segments of the base 

made by the perpendicular from the vertex of a triangle=the difference 
between the squares on the linos joining the ends of the base to any 
point on the perpendicular. XXVI. 16. 

Hence prove the altitudes of a triangle are concurrent. 

17. Construct a square that shall bo one-third of a given squa^re. 

XXVT. 34. 

18. Constniet a parallelogram which slial! be double a given quadri¬ 
lateral. 

19. Construct a square equal to a rectangle 7 cm. by 4 cm. 

20. Bisect a given quadrilateral by a straight lino from one vertex. 
(Reduce to an equal A.) 

21. On the same side of the str. lino ABC equal rectangles A6DE» 

ACFH are described. Provo that BH is || to FD. XXVI. 48, 

22. ABCD is a quadrilateral of any shape. Apply to BC a parallelo¬ 

gram of equal area having the angle ABC for its angle at B {i.e. having 
one of its sides along BA). XXVI, 64. 

23. A piece of paper is in the form of two squares, of which two sides 
are in the same straight line. Show how to divide the paper by two 
straight cuts into throe pieces which will form a square. XXVI.. 26. 

24 Convert a square into a regular octagon. [Draw circles with 
the half diagonals as radii] Find tho length of the sides of the octagon 
so formed. • 
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DEFINITIONS 

1. A circle is a pbne figure bounded by one line called the 
circumference, and is such that all straight lines drawn from a 
certain point within the figure to the circumference are equal. 

Note. —(a) According to the definition a circle is the figure 
bounded by the circumference, but the circumference itself is 
sometimes called the circle; e.g. in such a statement as “ The 
locus of a point at a given distance from a given point is a circle.” 

(6) If two circles have equal radii they are equal. 

This may bo proved at once by placing fine circle on the other 
with centre on centre ; for, in consequence of the equality of the 
radii, the circumferences must entirely coincide. 

Thus also two concentric circles either coincide entirely or do 
not meet at all. 

2. A chord of a circle b the finite straight line joining any 
two points on the circumference. 

3. Any straight lino, cutting the circumference of a circle at 
two pointq is said to be a secant of the circle. 

4. An arc of a circle is part of the circumference. 

6. A segment of a circle is the figure contained by a chord and 
the arc which it cuts oil. 

6. A sector of a circle is the figure contained by two radii and 
the arc between them. 

7. The angle in a segment is tte angle contained by two straight 
lines drawn from any one point of the bounding arc to the ends 
of the. chord of the segment. ’ 

Similar segments are those which contain equal angles. 

8. When each,vertex of a rectilineal figure lies on the* circum¬ 
ference of a circle, the figure is said to be inscribed in the circle, 
and the circle is said to be described about the figure. 

(The circle is called the circumscribed circle or circum-circle.] 
99 
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When each side of a rectilineal figure touches a circle, the 
figure is said to he described about the circle, and the circle is 
said to be inscribed in the figure. (The in-circle.) 

9. Escribed circle.—If a circle touches one side of a triangle and 
the other two sides produced, it is said to be an escribed circle of 
the triangle. 


10. A figure is said to be symmetrical about a Um if the part 
on the one side coincides with the part on the other side when 
the figure is folded about that line. 

The crease is called an axis of symmetry. 

E.g. An isosceles A is symmetrical about the bisector of its 
vertical angle. 

In any symmetrical figure, two points are called itmges (one of 
the other), or symmetrically opposite points, when the symmetrical 
folding brings them together. They are evidently equidistant 
from the crease. 

Before proceeding further, the student should work some 
examples on “ Symmetrical Figures ” and “ Lines of Symmetry ” 
(see p. 15). 


A circle is symmetrical about any diameter. 


Describe any circle, centre O, and 
draw any diameter, AOB. Take any 
point C on the circumference, and 
join OC. 

Fold the circle about the straight 
line AB, and let the point C, in its 
new position, faU at 0. Join OD. 

Then OC coincides with OD ; 

OD=OC=the radius of the 
circle; 

. the point D lies on the circum¬ 
ference of the circle. 



Similarly any other point in the arc ACB will, when the circle 
is folded, fall on the arc ADB. ' 

the two semicircles coincide, and the circle is therefore 
symmetrical about the diameter. 

Thus we see that a diameter bisects a circle. 
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PBOPOsmov 1. Theorem. 

The line drawn from the centre of a circle to bisect a chord is 
perpendicular to it; and the perpendicular drawn to a chord from 
the centre bisects the chord. 

Let BC be any chord of a circle ABQ, and D its centre. 

(i) Let DE bisect BC at E. 

It is reqd. to prove that DE is perp' 

to BC. 

Join DB, DC. 

In the As DEB, DEC, 

(1) DB = DC, Radii. 

(2) DE is common, 

(3) BE = EC; 

the z.DEB=the A DEC. (1.13.) 

But these are adj. As, and therefore 
rt. Ls. Q.E.D. • 

(ii) Let DE be perpr to BC ; ' 

then DE shall bisect BC. 

In the As DEB, DEC, 

(1) the ADBE=the ADCE (as at the base of an isosceles A), 

(2) the A DEB = the A DEC (right angles), 

(3) DE is common ; 

* . BE-EC. (1.10.) 

q.E.D. 

Corollary. From this it follows that the straight line which 
bisects at right angles a chord of a circle passes through the 
centre of the circle. 

inSBBCISES. 

1. Jn a circle of radius 5 cat there is a chord of length 6 cm. How 
far is it from the centre ? 

2. From a point outside a circle of radius 13 cm. a straight line is 
drawn at a perpendicular distance of 12 cm. from the centre. Find 
the length of the intercepted chord. 
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Proposition 2. Theorem. 

There is one circle, and only one circle, which passes through three 
given points not in the same straight line. 

Let A, B, C be three pts. uot in the 
same str. line. 

It is reqd. to prove that-one circle, 
and only one, can be drawn jiassing 
through the pis. A, B, C. 

Through E and F the mid. pts. of 
AB and BC, draw perp™. These will 
meet; for A, B, and C are not in a str. 
line. 

Let them meet at D. Join DA, 

DB, DC. 

ED bisects AB at rt. La ; .'. DA = DB. (II. 31.) 

FD „ BC „ „ .'. DB = DC. (11.31.) 

.-. DA^DB = DC, 

and a circle described rvith centre D and rad. DA will pass through 
B and C. 

Also D is the only pt. on both the perp' bisectors of AB and BC; 

.'. only one circle can be drawn through A, B and C. q.e.d. 

N.B. —^^e have proved above that: 

There is one, and only one, point equidistant from three given 
non-coUinear points. 

Proposition 3. Theorem. 

Chords equally distant from the centre of a circle are equal, and 
conversely. Also of two chords, that 
which is nearer the centre is greater 
than that which is more remote, and 
conversely. 

Let AB, CD be two chords 'of a 
circle; EF, EH the perp™ from the 
centre upon them. 

Join AE, EC. 

Then AF = lAB, and CH = ^CD. 

(III. 1.) 

Also, since the angles at F and H 
are rt. ^s, , 

AF* + EF® = AE2=CE2=CH2 + EH2.(1) (11.16.) 
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{a) If EF=EH, AF=CH; 

/. AB-CD. 

Conversely, if AB^^CD, AF=CH (halves of equals); 

,*. EF = EH, froni(l). 

(6) If EF is less than EH, AF is gr. than CH ; , 

AB is gr. than CD. 

Convers(‘ly, if AB is gr. than CD, AF is gr. than CH ; 

EF is less than EH, from (1). 

This is true not only for one circle, but also for equal circles. 


EXBRCISES. 

1. Equal chords of a circle subtend eciual angles at the centre. 

XXVII. 1. 

2. The diameter of a circle is 30 inches, and a chord is 24 inches 
long. Find the distance of the chord from the centre. XXVII. II. 

3. Two chorda of a circle cannot bisect each otlier unless they are 

diametem. XXVII. 4, 

4. Two circles of radii 15 and 20 cm. have a common chord 24 cm. 

long. Find the distance between their efntres. XXVII. 6. 

5. The locus of the mid. points of parallel chords i.s a diameter. 

•XXVII. 7. 

6. If the lino joining the mid. points of two chords is perpr to one, 

it is perpr to the other. XXVII. 9. 

7. A straight line cuts two concentric circles. Prove that the 

parts between the circles are equal XXVII. 10. 

8. If two circles intersect in A, a lino drawn through A terminated 

by the circumferences and parallel to the lino of conti'cs is double of 
the lino joining the centres. XXVII. 13. 

9. Two circles intersect at A, B, and are met in C, D, E, F by a 

parallel to AB. Prove that CD is equal to EF. XXVII. 14. 

10« AB, AC are tho equal sidos of an isosceles triangle; a circle 
whose centre is A cuts the base (or base produced) in D, E; prove 
that BD =EC. XXVII. 17. 

11. Tf two equal circles bo drawn, each passing tlirough tho centre 

of the other, the square on tho common chord is throe times the square 
on either radius. , X^VII. 18. 

12. If two circles intersect, any two parallel lines drawn through 
their common points and terminated by the circles are equal. 

• XXVII. 19. 
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Proposition 4. Theorem. 


The angle at the centre of a circle is dmible of the angle at the 
circumference standing on the same arc. 




Let BAG be an angle at the centre of the circle BDC, and BOG 
an angle at the circumference standing on the same arc BG. 

It is reqd. to prove that the ABAG is doable of the, LtiOC. 

In Fig. *1 A falls within the ^BDC, in Fig. 2 outside'it. 

Produce DA to E. 

AB=AD (radii); 

the iADB = the r.ABD. (I. 11.) 

But the c.xt. L EAB 

=the AABD + the AADB; (I. 7.) 

.'. the L EAB is double of the Z. ADB. 

Similarly the aEAG is double of the 
A ADC. 

By adding these results in Fig. 1 and 
subtracting them in Fig. 2 it follows that 
the /.BAG is double of the Z.BDC in either 
case. 

The proof for Fig. 1 \yill hold if the angle BAG is greater than 
two rigfit angles. Sec Fig. 3. q.e.d. 



Dehnition. An angle greater than two right angles is called 
a Yefiez angle. 
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Proposition 5. Theorem. 
Angles in the same segtnent of a circle are eqml. 


Fia. 1. Pio. 2. 

Let ABC, ADC be any two angles in tlie same segment ABDC. 

It is reqd. to prove that the L ABC == the A ADC. 

Let E be the centre. Join AE, EC. 

In Pig. 1, 

the L AEC is double of the l ABC on the same arc AC, (III. 4.) 

thcAAEC „ Z.ADC „ ^ „ (III. 4.) 

.'. the A ABC = the A ADC. 

In Pig. 2 the reflex angle AEC is double of the A ABC on the 
same arc AHC, aud is also double of the aADC. (III. 4.) 

.'. the AABC = the AADC. ‘q.n.D- 

CoNCYCLic Points. —Points which lii! on the circumference of 
the same circle are said to be concyclic. 

. Proposition 6. Theorem. 

If the straiglU line joining two points subtends equal angles at two 
other qmnts on the same side of it, the 
four points are concyclic. 

Let the str. line AB subtend equal 
angles ACB, ADB at the points C, D 
on the same side of AB. 

It is read, to prove that A, C, D, B 
are conoydic. ' 

Suppose the circles through A, C, B 
and A, D, B to be drawn. If the 
arcs ACB, ADB do not coincide, one of 
them must be wholly within the 
otherj since two circles cannot cut at more than two points. 
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Suppose ACB to be the inner arc, and produce AC to meet the 
outer arc at E. 

Join BE. 

Then in the ABEC, the ext. A ACB is greater than the int. 
opp. A CEB. 

But AACB=AADB Oiven. 

= A AEB in the same segment, 

which is absurd. 

the arcs ACB, ADB must coincide, i.e. the points A, C, D, 8 
are concyclic. q.e.d. 

(The above proof is that recommended in the Report of tlie 
I.A.A.M. on the Teaching of Elementary Geometry.) 

Cob. From this proposition we see that: 

If a triangle he described on one side of a given base, and have 
a given vertical angle, the locus of its vertex is an arc of a circle on 
the given base. 

P«orosiTiON 7. Theorem. 

The angle in a semi-circle is a right angle ; the angle in a segment 
greater than a semi-circle is less than a right angle; and the angle in a 
segment less than a semi-circle is greater than a right angle. 


Let D be the centre of the circle. 

(1) When BAC is a semi-cjrcle. 

Then the a BAC == half the straight aBDC (III. 4.) 

of two rt. AS 
—a, rt. A. 

(2V When BAC is a segment gr. than a semi-circle, 
the ABDC is less than two rt. As, 
and the a BAC = half the ABDC ; 

.•. the ABAC is less than a rt. A. 
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(3) When BAC is a segment less than a semi-circle, the reflex 
^BDC is gr. than two rt. Ls, 

and the a BAC=half the reflex aBDC ; 
the ABAC is gr. than tut. L. 

Proposition 8. Theorem. 

TAe circle described on the hypotenuse of a riyht-amjled trianyle 
as diameter passes through the opposite vertex. 

Take D, any j)t. on the circle 
described on the hypotenuse A8 of the 
rt. angled A ABC as diameter, C and D 
lying oh the same side of AB. 

Join DA, DB. 

A ADB in a semi-circle is a rt. A ; 

(III. 7.) 

aADB = AACB; 

the four pts. A, C, D, B are concyclic, (III. 0.) 
which proves the proixisition. 



Proposition 9. Theorem. 

The opposite angles of a quadrilateral inscribed in a circle are 
together equal to two right angles. 

[Such a quadrilateral is called a 
cyclic quadrilateral.] 

Let ABC Be a circle, and ABCD a 
quad' inscribed in it. 

It is reqd. to prove that its opposite 
A s are supplementary. 

Let E be the centre of the circle. 

Join BE, ED. 

The ABED=twice the aBCD on 
the same arc feAD. (III. 4.) 

The reflex ABED=twice the aBAD on the same arc BCD. 

(nj. 4.) 

the A BCD + the’A BAD = half the A BED + half the reflex ABED 
=half of 4 rt. angles 
=2 rt. angles. 
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Similarly the i ABC + the A ADC = 2 rt. angles; 

the opposite angles, ete. Q.E.D. 

CoEOLiARY. If mie side of a cyclic quadrilateral is produced, 
the exterior anyle so formed is equal to the interior opposite angle 
of the. quadrilateral. 

In the above fig. produce AD to F. 

z. FDC = the supplement of A ADC 

= L ABC. Proved above. 

Q.B.D. 


Pkoi-osition 10. Theorem. 

If a pair of opposite angles of a quadrilateral are supplementary, 
its vertices are concyclic. 



Let ABCD be a quod* in which the angles B and D are supple¬ 
mentary. 

It is reqd. to prove that A, B, C, D are concyclic. 

Suppose the circle through the pts. A, B, C to be drawn. 

Take P any pt. on its circumference on the same side of the 
chord AC as D. Join PA, PC. 


ABCP is a cyclic quad ; 

A s P and B are supplementary. 

But A, 8 D and B are supplementary; Qiven. 


:. lp=ld-, 

;. A, D, P, C Are concyclic; (III. 6.) 

the pt. D lies on the arc APC, 
i.c. on the circle through A, B an^ C ; • ' 

A, B, C, D are concyclic. q.e.d. 

(The above proof is that suggested in the Report of the I.A.^,M. 
on the leaching of Elementary Geometry.) 



BOOK m. EXERCISES. 


109 


EXERCISES. 

1. AB, CD aro two chords of a circle intersoctiag in E; prove that 

the triangle AEG is equiangular to the triangle DEB. XXX. 1. 

2. A triangle is inscribed in a circle {i.e. its vertices lie on the 

circumference); prove that the angles in the three segments exterior 
to the triangle are together equal to 4 right angles. XXX. 2. 

3. A regular pentagon is inscribed in a circle; prove that the 
an^e subtended at a point on the circumference by the nearest side is 
four times the angle subtended by each of the other sides. XXX. 3. 

4. If a side of a quadrilateral be produced, and the exterior 

angle=the interior opposite angle, the quad* is cyclic. XXX. 7. 

5. D is any point on the minor arc BC of a circle whose centre 

is A; CO is produced to E; prove that the angle BDE is half the angle 
BAC. XXX. 23. 

6. If the .sides AB, DC of a cyclic quadrilateral be produced to 
meet in E, the triangles EBC, EDA aro equiangular to each other. 

XXX. 8. 

7. In a triangle ABC, AD an<l BE are drawn perpendicular to the 
opposite sides: prove that the angle DEC is cqutil to the ai^le ABC. 

8. AD, BE are drawn perpendicular to sitles BC, AC of the triangle 

ABC: prove that the angles ADE, ABE are cqtial. XXX. 17. 

9. Two circles ABEC, ABFD intersect at A and B, and CAD and 
EBF are straight lines: prove that EC is parallel to DF. XXX. 18. 

10. ACB, APB are two equal circles, the centre of APB being on 

the circumference of ACB; if any chord CA of ACB bo produced to 
out APB in P, the triangle PBC is equilateral. XXX. 19. 

11. The straight lines which bisect any angle of a quadrilateral 

inscribed in a circle and the opposite exterior angle meet on the 
circumference. XXX. 22. 

12. A circle of constant radius is drawn through O cutting two 

fixed straight lines OA, OB in P, R. Show that the chord PR is of 
constant length. , XXX. 21. 

13. Four circular coins, of different sizes, are placed upon a table so 

that each one touches two, and only two, of the remaining three; 
show that the four points of contact lie on a circle. XXX. 11. 

14. A circle drawn through the mid. points of the sides of a triangle 
passes t^ugh the*feet of the perpendiculars from the vertices to 
the sides, [ll D, E, F aro the mid. points opposite to A, B, C and AH the 
altitude, prove that EF subtouds at both D and H an angle equal to A.1 

XXX. 4. 
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Pboposition 11. Theorem. 

In equal circles, arcs are equal if they are subtended by equal angles 
at the centres, or by equal angles at the circumferences. 




Let ABKC, DELF be equal eirelea, M, H their centres; and let 
BAG, EOF be equal Z.s at the circumferences, and consequently 
BMC, EHF equal Ls at the centres. (III. 4.) 

It is reqd. to provq that the arc BKC=the arc ELF. 

Apply the circle ABC fo the circle DEF, placing M on H and 
MB along HE. 

Now the lBMC =the L EHF ; Given. 

.-. MC falls on HF. 

Also, since the circles have equal radii their circumferences 
coincide entirely. 

.'. the arc BKC coincides with the arc ELF, and they are con¬ 
sequently equal. . ■■ (J.E.D. 

Corollary. In equal circles, if angles at the centres are equal 
the sectors thus cut off are equal. 

Note .—Propoaitione 11, 12, 13 are dlao true if there be one circle instead 
of equal circles. 


Proposition 12. Theorem. 

In equal circles, if there are equal arcs, the angles subtended by 
them at the centres are equal, and the chords of the arcs are also 
equal.' 

Let ABKC, DELF be equal circles with Centres M, H; and let 
the arc BKC =th6 arc ELF, 
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ll is reqd. to prove that the Z.BMC = L EHF, and the chord BC=the 
dwrd EF. 




Apply tlie circle ABC to the circle DEF, placing M on H and 
MB along HE. 

Then the circumferences must coincide throughout since the 
circles have equal radii. 

But the arc BKC = arc ELF ; Given. 

the point C coincides with the point F; 

.'. the lBMC coincides with the lEHF, andas therefore equal to 
it; also the chord BC coincides with the chord EF, and is therefore 
equal to it. in equal circles, etc. q.b.d. 

Cob. 1. In equal circles, the sectors on equal arcs are also equal. 

Cor. 2. In equal circles, equal ares subtend equal angles at 
the circumferences. 


Proposition I.*). Theorem. 

In equal circles the arcs which are cut off by eq ual chords are equal, 
the major arc equal to major, and minor arc equal to minor. 

Let ABKC, DELF be equal circles, and BC, EF equal chords. 

It is reqd. to prove that the minor arc BKC -the minor arc ELF, and 
the major arc BAC = the major arc EOF. 

Join BM, MfC, EH, HF. 

In the As BMC, EHF, (!) BM = EH (radii of equal circles), 

(2) MC = HF (radii of equal circles), 

(3) BC = EF; Given. 

.-. the A BMC=the A EHF. '(L 13.) 

Apply the circle ABC to the circle DEF, placing M on H, and 
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Then the circumferences must coincide throughout, since the 
circles have equal radii. 




But the ^ BMC=the ^EHF; 
the pt. C coincides with the pt. F ; 

.'. the arc BKC=the arc ELF, 

But the circumferences are equal; 

the remaining arc BAC =the remaining arc EOF. (j.e.d, 

* EXERCISES. 

1. If two opposite sides of a cyclic quadrilateral are parallel* the 
other two sides are equal* and the diagonals are equal. XXXI. 1. 

2. AB* CD are parallel chords of a circle, and E is the middle point 

of the arc BD ; AE meets CD produced in F. Prove that the triangle 
CEF is isosceles. XXXI. 6. 

3. Two given circles intersect in tlie points A and B. Any lino is 

drawn through A cutting the circles again in the points C and D respec¬ 
tively. Prove that the angle CBD is constant. • ’ XXXI. 8. 

4. The opposite sides AB, CD of a cyclic quadrilateral ABCD are 

equal. Show that the diagonals AC, BD are equal* and tfie oppe^te 
sides AD, CB are parallel. XXXI. 11. 

5. A triangle, right-angled at C, is described on a given base AB: 

and the locus of C. XXXIL2. 

6. AB and CD are two perpendicular chords of a circle: show that 

the sum of the arcs AC and BD is equal to half the circumference of 
the circle. ’ XXXII. 3. 

7. If one circle be described on the radius of another as diameter, 

any obofd of the latter drawn from the point in which the circles meet 
is bisected by the former. XXXTT. 13. 

8. Two circles out one another in A, B; AC, AO are diam^rs. 

Prove that CO passes through B.. XXXn’ 6. 
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9. The circle described with ccntte A and radius AB outs the circle 
ciroumsoribing the rectangle ABCD in the point E. Show that CE is 
equal to AO, and that DE is parallel to AC. XXXII. 9.' 

10. P, R, S are the middle points of tlie sides of the triangle ABC. 

and AD is perpendiciilar to BC: prove that the points P, R, S, D are 
conoyclic. XXJfn. 10. 

11. AB is the diameter of a 8enu-<!irclc ; D and E aro any two points 

in the circumferem^. Prove tliat if the chords joining A and B with 
D and E each way intersect at F and H, then FH produced is at right 
angles to AB. XXXII. 11, 

12. If semi-circles are described on two sides of a triangle they 

intersect the base in the same point. XXXIII. 6. 

Definition.—A tangent to a circle is a straight line which meets 
the circumference, and, being produced, does not cut it. 

Proposition 14. Theorem. 

The straight line dram perpendicular to a radius of a circle at 
its extremity is a tangent to the circle. 

0 



In a circle, centre O, AB is drawn perpi to the radius OA. 

It is reqd. to prove that AB is a tangent to the circle. 

Suppose that AB cuts the circle again at the pt. B. Join OB. 

OA = OB ; .*.1. OBA ~ L OAB = a rt. , Given, 

i.e. the A OAB has two rigid as, which is impossible; 

AB cannot cut tin: circle again, 
i.e. AB is a tangent to the circle. q.E.b. 

Cor. 1. At the pt. A only one line can be drawn perpendicular 
to OA, and that line is a tangent. 

.'.At tangent to a circle is perpendicular to the radius drawn 
from the point of contact. 

Cor. 2. For the same reason as in Cor. 1: 

At every point on a circle one, and only one, tangent to the circle 
can lie drawn. 

S.S. 


n 



114 SCHOOr'GEOMETRY. 

Cor. 3. If A is the point of contact of the tangent AB, only 
one line can be drawn perp^ to it at the pt. A, and that perp^ is a 
radius of the circle. 

.'. The perpendicular to a tangent at its point of contact passes 
through the centre. 

Alternative Deftnittpn.- -// the two poinli in which a secant 
cuts the circumference of a circle move up to one another, the secant 
in Us ultimate position when those points coincide is the tangent 
to the circle at the point of coincidence. 

Thus if a straight lino, drawn through a [)oint P on the circum¬ 
ference of a circle, meet the curve again at Q,, and if the. straight 
line be turned round the jK)int P 
until the ])oint Q approaches 
indefinitely near to P, the straight 
line in its ultimate position is the 
tangent to the circle at P. 

We may therefore look upon 
a tangent as a straight line pass¬ 
ing through two points on a 
circle indefinitely near th one 
another. 

Also we se(! that a tangent 
meets a circle, but does not 
cut it. 

In the same way, two circles 
touch one another when their points of intersection move up 
to one another and coincide. 


These figures show a tangent touching each circle at C. The 
circles also touch one another, and ACB is a common tangent in 
each case. 
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Proposition 14. Tiieorkm. (Alternative Proof.) 


The straight Urn drawn perpendicular to a radius of a circle at 
its extremity is a Uingent to the circle. 


Take two points A and B, on 
the circumference of a circle 
of centre 0. 

Join AB, and produce it both 
ways to C and D. 

Draw the radii OA, OB. D 



C 


OA=OB; 


the AOAB=the Z.OBA. (I. 9.) 

their supplements ari! eijual. 

i.e. the A OAD - the L OBC. 


But when the points A and B move up to one another, the radii 
OA, OB coincide. • 

.'. The AS OAD, OBC become adjacrnt as, and therefore right 
angles. 

. Q.E.D. 


Cor. 1. At the point A only one line can be drawn perpendicular 
to OA, and that line is a tangent. 

A tangent to a circle is perpendicular to the radius drawn 
from its point of contact. 

Cor. 2. For the same, reason as in Cor. 1 : 

At every point on a circle one, and only one, tangent to the circle 
can he drawn. 

Cor. 3. If A is the 2 )oint of contact of the tangent AB, only one 
line can be drawn perpr to it at tie pt. A, and that perp' is a radius 
of the circle. 

The perpendicular to a tangent at its point of contact passes 
through the centre. 

Cob. 4. When, the jxiints of intersection of two circles move 
up to one another and coincide, the two circles touch each other, 
and the common chord produced becomes the common tangent 
at the point of contact of the circles. 
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Proposition 15. Theorem. 

The two tangents drawn to a circle from an external point are equal 
to one another. 

Let AB, AC be two tangents drawn to the circle whose centre 
is at 0. ■ . 

It is reqd. to prove that AB = AC. 

Join OA, OB, OC. 

AB and AC are tangents; 
the As B and C are rt. As. 

(III. 14.) 

Hence in the rt.-angled As OBA, 

OCA, 

the hypotenuse OA is common to both, 
and OB-OC (radii); 

AB = AC. (LIL) 

' Q.E.D. 



^ Proposition 16. Theorem. 

If two circles touch, either internally or externally, the point of 
contact lies on the line of centres. 




Let the circles, CD, CE, centres P and Q, touch at C, 4nd let 
ABC be the common tangent at C. 

It is reqd. to prove that P, C, Q, are in a str. line. 

AB touches the circle CD at C. 

the perpr to AB at C passes through the centre P. 
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For the same reason, the perp' to AB at C passes through the 
centre Q. 

.'. P, C, Q are in a str. line. q.e.d. 

The converse of this proposition is also true, viz.: 

If two circles meet on the line of cetUres, they touch one another at 
that point. 

Let the circles meet at the pt. Cf on PQ the line of centres, and 
let BCA be perp' to PQ. 

CA is a tangent to the circle CD, for it is perpf to the rad. CP. 

Also CA is a tangent to the circle CE, for it is perjA to the 
rad. CQ. 

.'. BCA is a common tangent to the two circles at C, 

i.e. the circles touch one another at the pt. C. 


EXERCISES. 

1. Two cirdcs touch internally at A, and ABC is drawn to meet 

the circles at B and C. Provo that the radi^ to the points B and C 
are parallel. XXVIII. 1. 

2. Two circles touch externally at A, anil BAC is drawn to meet 

the circles at B and C. Prove that the radii to the points B and C 

are paraUel. XXVIIL 2. 

3. From O, whose distance from the centre of a circle is equal to 

the diameter, tangents OP, OQ are drawn. Show that OPQ is an 
equilateral triangle. XXVIII. 6. 

4. AB Is a* diameter and AP a chord of a circle; AQ is a chord 

bisecting the angle BAP. Provo tliat the tangent at Q is perpendicular 
toAP. XXVIII. 7. 

6. Find the locus of the centres of circles which touch (Ijj dven 
straight line, (2) a given circle, at a given point. XXVIII. 8. 

6. Two tangents to a circle make oipial angles with the chord 

joining the points of contact. XXIX. 5. 

7. If TP, TR are tangents Jo a cirole whose centre is 0, TO bisects 

the angle POR. XXIX, 6. 

8. The sums of the opposite sides of a quadrilateral circumicribing 

a circle are equal. XXIX 

One circle is entirely within another; draw the greatest 
least chords of the outer which touch the inner. XXIX ip, ' 
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10. Through a given point within a given circle draw two equal 

chords containing a right angle. XXIX. 11. 

11. If a tangent to two circles which touch externally at C meet 

them in A and B, then ACB is a right angle. XXIX. 13. 

12 . If a straight line touch a circle and be parallel to a chord, the 
point of contact is the mid. imint of tlie arc cut off by the chord. 

13. All straight lines whicli cht off equal arcs from a given circle 
touch another circle. 

14. The iicrpcndicular drawn from tlie imd. point of an arc to the 
chord of the arc is equal to the perpendicular drawn from the same 
point to the tangent at an end of the arc. 

Proposition 17. Theorem. 

If a straight line touch a circle, and from the point of contact a 
chord be drawn, the angles between, the chord and tangent are equal 
to the angles in the altermte segments. 

Let ABFC bo any c^cle, DBE the 
tangent at B, and BC any chord 
dravfn from B. ‘ 

It is r^d. to prove that the L EBC 
=f/ie L in the segment BAG, and the 
LDBC— the L in the segment BFC. 

Let BA be a diameter. 

Join AC, CF, FB. 

AB is a diameter; 

the r.ACB is a rt. r. (angle in a 
semi-circle); (III. 7.) 

the r.CBA + the z.BAC = a rt. l (I. 7 .) 

= the L EBA (since EB is a tangent). 

(III. 14.) 

Take away the common r.CBA ; 

.'. the r.EBC=the r.BAC. 

Now ABFC is a cyclic quadrilateral; 

' .•. the r.BFC is the supplement of the ABAC. (III. 9.) 
Also the L DBC is the supplement of the L EBC; (I. 1.) 

.'. the A DBC=the ABFC. Q.B.ft. 
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Proposition 17 inoy also be proved by regarding a tangent as the 
limiting position of a secant. 

Let a str. line HKB cut the 
circle at K. Join KC. 

The .i-HKC 

=the supplement of the i-BKC 
(I. 1.) 

= the ^BFC, since BFCK is a 
cyclic quad*. 

This remains true while the 
line HB turns round B into the 
position of the tangent DB. 

The ^HKC has then become 
the L DBC; 

.'. the A DBC = the Z.BFC; 

also the supplement of the z. DBC -supplement of the Z.BFC. 
But the supplement of tin! L DBC the L EBC, (I. 1.) 

and the supplement of the z.BFC = the Z.BAC in the cyclic 
quad* BACF. ’ 

the LEBC=thc i-BAC. Q.E n. 



BKEBCISES. 

1. If the tangent PT at any point P on a circle meet a diameter 
AB produced at T, and if P be joined to B, the angle ATP together with 
twice the angle BPT is equal to a right angle. 

2. A circle'is described about on equilateral triangle ABC, and 
tangents at A and B meet in D; pmve that ABD is an equilateral 
triangle. 

3. AB is trisected in the points C, D, and on CD an eq^itateral 
triangle CPD is described. Show that a circle passing through the 
three points B, C, P will touch the_ straight line AP. 

4. If two circles touch externally, and two straight lines be drawn 
through the point of contact, tjio chords joining their extremities will 
be partlllel. 
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Proposition 18. Problem. 
To drme a tangent to a circle from a given point. 



(i) If the given point is on the circuinfereuee, tlie straight 

line drawn from it at right anglc.s to the radius through the 
point is the required tangent. (III. 14.) 

(ii) Let A be the giveq external point, and BCD the given 
circle. 

Take the centre E. 

Join AE. 

On AE as diameter describe a circle cutting the circle BCD 
at C, D. 

AC, AD shall be tangents to the circle BCD. 

EDA, ECA are semi-circles; ' 

the L s EDA, ECA are right angles. (III. 7.) 

But ED, EC are radii of the circle BCD ; 

AD, AC are tangents. (III. 14.) 

Corollary. Since the right-angled As EDA, ECA have a 
common hypotenuse and ED equal ^o EC, it follows that,AD=AC ; 
also the AAEC=the aAED and the AEAC=the Z.EAD; • 

t.e.rtjfo tangents drawn from an external point to a circle arc 
equal, and subtend equal angles at the centre. 
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Pboposition 19. Problem. 
To draw a comttum tangent to two given circles. 



Let A be the centre of the larger oirWe DK, B the centre of the 
other EL. 

(i) To draw common tangents which do not cut AB. 

With centre A, and rad. equal to the difference of the radii of 
the given circles, describe a circle. 

From B draw a tangent BC to this circle. (III. 18.) 

Join AC, ‘and produce it to meet the larger given circle at D. 
Draw BE a rad. || to ACD and on the same side of AB. 

Join OE. 

ED will be a common tangent. 

By construction, CD is equal and || to BE; 

.'. DCBE is a parallelogram. (II. 4.) 

Also, the L DCB is a rt. l, {or BC is a tangent at C ; 

.'. DCBE is a rectangle. De/. 

.’. DE is perpT to both the radii AD, BE ; 

.'. it is a common tangent. 

■ By drawing a tangent BF on the opp. side of BA to BC, we 
obtain in the same way a second tangent which does not cut AB. 
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(ii) To draw common tangents which cut AB. 

[This of course is im|)ossible if tlio circles cut one another.] 



With centre A {of B) and rad. equal to the sum, of the radii 
of the given circles describe a circle, and from B (or A) draw a 
tangent BC to this circle. 

Join cutting the given circle at D. 

Draw the rad. BE || to ADC, and on the opjX)site side of AB. 

Join DE. DE will be a common tangent. 

The proof is the same as in part (i). 

Another tangent cutting AB may be obtained by drawing the 
tangent BF on the opp. side of AB to BC. 

Proposition 20. Problem. 


To describe a circle of which an arc is given ; and to find the centre 
of circle. 

1. Let ABC be the given arc. 

It is required to complete .the 
circle. 

Join AB, BC, and bisect these 
chords at D, E. (I. 21.) 

Draw DF, EF perp' to AB, BC 
respetOvely. (1.22.) , 

F shall be the centre of the required circle. 

AB is a chord, and DF bisects it at right angles; 



the centre lies in DF. 


(in. 1.) 
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Similarly the centre lies in EF ; 

if with F as centre and FA as radius we describe a circle, it 
will be the circle required. 

2. Let ABC b(! a complete circle whose centre is required. 

, Bisect a chord BC at rt. Lahy a lino meeting the circumference 
at H and K. 

The cimtrc must Ije ifl HK ; (111. 1.) 

.’. it lies at the middle [wint of HK. 


Proposition 21. I’roblem. 
To bisect a (jiw.n arc. 



t 

Let ABC be the given arc. 

It is required to bisect it. 

Join AC. 

Bisect AC at D. (!• 21.) 

From D draw DB perp' to AC to meet the arc at B. (T. 22.) 
• . The arc ABC shall he bisected at B. 

Join AB, BC. 

In the As ADB, CDB, Cons. 

(1) AD=CD, 

(2) DB is common, 

(3) the A ADB = the A CDB (rt. angles); 

.-. AB = CB. (1.9.) 

Now the arcs AB, BC are both minor arcs, for BD produced is a 
diameter. 

Also they are cut off by equal chords ; 

.'. the arc AB=thc arc BC; (III. 13.) 

i.e, arc ABC is bisected. Q.E.p. 
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PROPOsraoN 22. Problem. 

To inscribe a circle in a given triangle. 

Let ABC be the given A. 

It is required to inscribe a circle in the A ABC. 

Bisect tlie as B and C by'BD, CD. 

(I. 20.) 

Draw DE, DF, DH perpr to BC, CA, AB 

respectively. (1.24.) 

In the As DBE, DBH, 

(1) the ADBE=the A DBH, Com. 

(2) the rt. ADEB=the rt. aDHB, 

(3) DB is common ; 

DE.= DH. (I. 10.) 

Similarly DE = DF. 

the circle degpribed with centre D and radius DE will pass 
through E, F, H, and will touch the sides of the AABC, because 
the angles at E, F, H are Vt. angles. (III. 14.) 

This problem might be stated thus— To describe a circle to touch 
three given straight lines which intersect in three points. It would 
then be obvious that four circles might be drawn. In addition 
to the inscribed circle there would bo three circles each touching 
one side of the A and the other two produced. These are escribed 
circles. 

Corollary. If a, b, c, r be the lengths of BO, CA, AB, DE, 
Jor=A DBG. 

AABC = ADBC + ADCA + ADAB = |a)- + ^hr + ^(jr 

= l(a + b + c)r=sr, whore s = the semi-perimeter. 

.'. r=area of the the semi-perimeter. 

Exercise. Find the centre and cificulato the radius of thq in-oirole 
of a A whoso sides are 6, 12, 13 cm. 
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Proposition 23. Problem. 
To draw an escribed circle of a triangle. 



Let ABC be the given A. 

It is required to draw a circle which shall touch BC and the 
produced parts of AB and AC. 

Produce AB to D, and AC to E. 

Bisect the As DBC, BCE by str. lines meeting at M. 

Draw MF, MH, MK perp'' to BC, CE, BD respectively. 

In the As KBM, FBM, 


(1) the 'a KBM = the A FBM, 

Cons. 

( 2 ) the rt. AK = thcrt. aF 


(3) BM is common; 


.-. MK-MF. 

(I. 10.) 


Similarly MF = MH. 

.'. a circle with centre M and radius MF will pass through 
F, H, and K, and will touch the sides because the As 
and K are rt. angles. 

Similarly the other two escribed circles can be drawn. 


Note. —BK = BF, since two tangents drawn from an external point to a 
circle ard equal; 

AK=AB+BF. 

Similarly . AH=AC + FC; 

.’. AK + AH=AB tAC l-BC=p6rimeterof the A. 

But AK=AH, siuce they are tangents; 
each=the semi-perimeter (s). 
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Proposition. 24 Problem. 
To describe a circle about a given triangle. 



It is reqd. to describe a circle about the, A ABC. 


Bisect AC, AB at E and F. 

(I. 21.) 

From E, F draw perprs to AC, AB meeting in 0. 

(I. 22.) 

Join AO, BO, CO. 


Inthe AsAEO, CEO, 


(1 ) Xe = ce, 

Cons, 

(2) EO is common. 


(.3) the rt'. AAEO=the rt. ACEO ; 


> 

o 

o 

p 

(I. 9.) 


Similarly AO-BO. 

.'. a circle described with centre O and radiu.s OA will pass 
through B and C. q.e.p. 

Notks.— The same construction is required to describe a circle through 
three given points. 

If B and C be joined to any imint P in the arc BC opposite to A, 
a APBC is formed whose vortical i. is the supplement of A. and whose 
cinmm-circle is the same as that of the AABC. 

. IIR^ triangles whose bases are eqml and whose vertical angles are equal 
or supplementary have equal circuin-circles. 


EXERCISES. 

1. In on equilateral triangle the ?n-centre is equidistant from the 

vertices. XXXV. I. 

2. * A side of an equilateral triangle described about a circle is double 

of a side of the inscribed equilateral triangle. XXXV, 2. 

3. Two equiangular triangles ABC, DEF are inscribed in the same 

circle; prove that they are equal in all respects. XXXV. 8 . 
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4. ABC is a triangle, AP a diameter of its circum-circle, and BE, CF 
the perpendiculars upon AC, and AB respectively meet in T; prove 
that BPCT is a parallelogram. XXXV. 6. 

6. D is the in-centre of the triangle ABC; E is the centre of the 
circle touching AB, AC produced ami also BC. Show that DE is a 
diameter of a circle through B and C. XXXV. 6. 

6. In a right-angled triangle, the sum of the sides containing the 

right angle is equal to the sum of (lie-diameters of the in-cirole and 
circum-circle. XXXV. 7. 

7. 0 is the intersection of perpendiculars AD, BE, CF from the 

vertices of the triangle ABC to the opposite siiles. Prove that 0 is the 
centre of the circle inscribed in the triangle DEF. XXXV. 8. 

8. The external bisectors of the angles ABC, ACB of a triangle meet 
in D. Show that AD passes through the (centre of the in-circle. 

XXXV. 9. 

9. AB is the siile of an equilateral triangle imscribed in a circle whose 

centre is 0. AO im*fei the circle in D. Prove that the triangle BOD 
is equilateral. XXXV. 10. 


Proposition 25. Problem. 


On a given straight line to construct a segment of a circle cgnlaining 
an angle equal to a given angle. 



Let AB bo the given str. line, and C the given L. 

It is reqd. to construct on AB a segment containing an angle gqual 
too. ■ 


At A and B make the La BAE and ABE each equal to 90°~C. 
Because these is are equal, AE =BE. 
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With centre E and radius EA or EB describe a circle 
AKBH. 

(1) If C is an acute L, AHB is the required segment. 

For the l EAB + the L EBA=90° - C + 90° - C => 180° - 2C. 

But, in the A EAB, 

the A EAB + the a EBA = 180°-E. 

V. 2C = E; 

the aC = J the AE=thc aAHB. (III. 4.) 

(2) If C is an obtuse A, AKB is the required segment. 

For the a EAB + the a EBA=C - 90° + C - 90° = 2C -180°. 

But the A EAB + the A EBA = 180° - E ; 

.-. E=360°-2C. 

The aAHB = JE = 180°-C ; 

.•. C=]80°-the AAHB=the aAKB. 

[The proof is simpler when the angle is given in degrees.] 

Nots.—W hen C is a k. A, describe a serai-circle on AB. 

* 

Exercise. On a base of 4 cm. describe a segment containing an 
A of S4°.^ 


Proposition 26. Problem. 

From a given circle to out off a segment containing an angle equal to 
a given angle. 

Let ABC be the given circle, 
and D the given angle. 

IWi. required to cut off from, 
the cirde a segment containing 
an angle eqml to D. 

Take 0 the centre of the 
jOirdle. (III. 20.) 

Join OA, and make the 
A AOB equal to twice the A D. 

ACB'will be the reqd. seg¬ 
ment. 

Draw AEB, any angle in this segment. 
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Then the iAEB at the circumference 

= half the 4 AOB at the centre (III. 4.) 

=the Z.D; 

ACB is the reqd. segment. 

Exercise. From a circle of 1 inch radius cut off a segment containing 
an L of 35°. 


Proposition 27. Problem. 

To inscribe in a gice.n circle a triangle equiangular to a given 
triangle. 

A 


O'- B 

Let ABC be the given A, DEF the given circle. 

Draw any radius 00, and make the a DOE equal to twice 
the A ACB. 


•loin DE. 


,Makc the A DEF equal to the A ABC; 


Join DF. 


The ADFE = half the a DOE 

(III. 4.) 

=the AC. 

'ijbns. 

The aDEF=aB; 

Cons. 

.-. the aFDE =the aA; 

(I. 7.) 

.'. DEF ft the A reqd. 

Q.B.F. 


Exercise. In a circle of 1-2 in. radius inscribe a A with two^of its 
A s 46° and 60°. * 




s.a. 
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Proposition 28. Problem. 

To describe about a given circle a triangle equiangular to a given 
triangle. 


A 

B C 

Let ABC be the given A, HEF the given circle. 

It is required to describe ahrut HEF a A eqttiaiigular to ABC. 

Take 0 the centre of the circle HEF. 

Draw any radius OH. 

Produce HO to X. 

Draw rhdii OE, OF making the aXOE equal to the aACB and 
the aXOF equal to the A ABC. 

Draw tangents at H, E, F, forming the AKLM. (III. 14.) 
KLM shall be the required A. 

The angles of the quad' OHLE are together equal to"4 rt. as. 
But the As at H and E are rt. as ; 
the AHLE = the supplement of the AHOE=the aXOE 

=the aACB. Cons. 

Similarly the a H KF the a ABC ; 

.'. the AM = the AA. (L T.) 

.". KLM is the A req. (J E.p. 

Ere»a?o. About a circle of 3 cm. radius describe a A containine A s 
of 50° and 76°. 
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Proposition 29. Problem. 

To circumacribe a square about a given circle. 

Draw two diameters at rt. Ls. At their extremities draw 
tangents to the circle. 

These four tangents will form a square. 

(The proof is left to the studentj ' 


Proposition 30. Problem. 

To inscribe a square in a given circle. 

Draw two diameters at rt. La. 

The four str. lines joining their extremities will form a square. 
(The proof is left to the student.) 


Proposition 31. Problem. 

To circumscribe a regular hexagon about a given circle. 



If O is the centre of the given circle, draw any diameter AOB. 
With centre A and rad. AO describe a circle cutting the given 
circle at C and 0. 

Draw the diameters COE, DOF. 

The tangents at A, D, E, B, F^ C will form a regular hexagon. 
(The proof is left to the student.) 


Proposition 32. Problem. 

To inscribe a regular hexagon in a given circle. 

In the construction of the previous problem, 

ADEBFC will be a tegular hexagon. 
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Proposition 33. Problem. 

To circumscribe a regukr octagon about a given circle. 

Draw two diameters at rt. La. Draw two more diameters 
bisecting the angles between the first two. 

The fig. formed by drawing tangents at the extremities of these 
four diameters will form a regular octagon. 

Proposition 34. Problem. 

To inscribe a regular octagon in a given cirde. 

In the construction of the previous problem the lines joining 
the ends of the diameters, in order, will form a regular octagon. 

Proposition 35. Simson’s Line. Theorem. 

The feet of the perpendiculars drawn from any point on the circum- 
cirele of a triangle to the three sides 
lie in a straight line. 

Let ABC be any triangle, 

P any point on the circum-l;irclc; 
and let PD, PE, PF be perp^ to the 
sides BC, CA, AB. 

It is reqd. to prove that D, E, F 
are in a str. line. 

Join DF, FE, PA, PB. 

PEA, PFA are rt. A s; 

PEAF is a cyclic quadrilateral. 

Also the circle on PB as dia¬ 
meter goes through F, and D since 
the PDB ate rl. z.s. 

the z.PFE=the Z.PAE (in the same segment) 

= the supplement of the Z.PAC 
=the Z.PBC 

■=the supplement of the Z.PFD (in quadrilateral 
PBDF). 

EF and FO are in a str. line. (I. 2.) q.e.D. 

This straight line is sometimes blown as the pedal line of P, sometimes 
u the Simaon line of P 
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Proposition 36. The Nine-Points Circle. Theorem. 

In any triangle the feet of the 'perpendkular.i from the vertices to the 
sides, the middle points of the lines joining the vertices to the ortho¬ 
centre, and the middle points of the sides all lie on a circle (ccdled the 
nine-points circle of the triangle). 

Let ABC be any triangle; let, 

AD, BE, CF be the perp” to the 
sides; 0 the orthocentre; L, M, N 
the mid. points of AO, BO, CO; 

A', B', C' the mid. points of BC, 

CA, AB. 

It is reqd. to prove that the pis. 

D. E, F, L, M, N, A', B', C' lie on a 
circle. 

Join A'L, B'L, A'B'. 

L, B' arc the mid. pints of AO, 

AC respectively; 

.-. LB' is II to OC. {II. 6 .) 

B', A' are the mid. i)oint3 of^C, BC respectively; 

.-. B'A' is II to AB. (II. 6.) 

But OC and AB are at rt. Ls; 

.'. LB' and B'A' are at rt. ls. 

.'. the circle whose diam. is LA' goes through B'. (III. 8 .) 

Similarly it goes through C'. 

It also goes through 0 (since LDA' is a rt. L); 
the circle through A'B'C' goes through D and L; 
similarly it must go through E and M and through F and N. q.E.D. 

Corollary. The diameter of the nine-points circle is half the 
diameter of the circum-circk. ' 

Let AP be a diameter of the oirciun-oircle. 

Then PC is at rt. ls to AC, (III. 7.) 

.•. PC is 11 to BO. 

P8 is II to CO; 

PBOC is a parallelogram. 



Similarly 
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Now the diagonals of a pat”’ bisect each other, and we know 
A' is the mid. point of BC; 

A' is the mid. point of OP. 

But L is the mid. point of OA; 

.'. A'U is half of AP: for the line joining the mid. points of two 
sides of a triangle is half the base. 


EXERCISES. 

1. Draw a circle passing through two gireii points, and having a 

given radius. XXXIV. 1. 

2. Through a given point within a circle draw a chord which shall 

be bisected by the point. XXXIV. 4. 

3. Through a given point draw a chord of a given circle equal to 

a given lengtii. XXXIV. 5. 

4. Draw a tangent to a given circle parallel to a given straight 

line. XXXIV. 7. 

5. Draw a tangent to a given circle irerpendicular to a given straight 

line. XXXIV. 8. 

6. Through a given point within a given circle draw the shortest 

chord. XXXIV. 9. 

7. In a given circle draw a chord parallel to a given straight line 

and equal to a given length. XXXIV. 13. 

8. Describe a circle touching three given straight lines, of which 

two are parallel. , XXXIV. 14. 

9. Describe a circle of given radius to touch two given inteisecting 

straight lines. XXXIV. 15. 

10. J£^h a given centre describe a circle to cut oil a given length 

from a given straight line. XXXIV. 16., 

11. Inscribe an equilateral triangle in a given circle. XXXIV. 17. 

12. Divide the circumference of a circle into twelve equal parts. 

XXXIV. 19. 

13. IJivide a given circle into two parts so that the angle in one 

segment shall be double of the angle in the other. XXXIV. 34. 

14,. Divide a given circle into two parts so that the aiule in one 
segment shall be five times the angle in the other. XXXIV. $5. 
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16, In a ^ven straight line find a point such that the lines drawn froifi 
it to two given points shall contain a right angle. XXXIV. 36. 

16. .Find a point such that the tangents drawn from it to a given 
circle may contain a given angle. What is the locus of all such points t 

XXXIV. 39. 

17. Draw a chord in a circle, so that it may be double of itSidistance 

from the centre. XXXIV. 40. 

18. A circle cuts off equal chords from'tbe sides of a given triangle. 

Find its centre. XXXIV. 31. 

19. Describe a triangle, having given the base, the aititude, and 

the vertical angle. XXXIV. 20. 

20. Draw a diagram showing how far a football must be taken out 
from a given point on the goal line, in a direction at right angles to 
the goal line, that the goal may subtend a given angle at the point where 
the ball is placed. 

Show where the goal will subtend the maximum angle. XXXIV. 21. 

21. Given the altitude, the vertical angle, and the perimeter of a 

triangle, construct it. XXXIV. 23. 

22. Construct a triangle, having given the vertical angle, one of 

the sides containing it, and the altitude. • XXXIV. 24. 

23. Describe a circle of given radius *wbich shall touch two given 

circles. XXXIV. 26. 

24. Describe a circle to pass through a given point and tcdich a given 

circle at a given point. XXXIV. 27. 

25. Describe a circle which shall pass through a given point and touch 

a given straight line at a given point. XXXIV. 28. 

26. Through one of the common points of two circles, draw a straight 

line termiftaterl by the circumferences and bisected at the common 

point. XXXIV. 29. 

27. Draw the common tangents to two circles whose radii are 2 and 
3 cm., and whose centres are 8 cm. apart. 

28. Describe a circle to touch a given circle, and to toudFafiven 

straight line at a given point. XXX^ 2, 

(Take BOC the diameter of the*given circle at rt. Z.s to the giveh 
Str. line.' Join B (or C) to the given pt. A, meeting the circle at D. 
The c^tre of the circle reqd. will lie in OD produced. The centre also 
lies in the perpendicular to the given line at A.) 

29. The peirondiculars drawn hrom the vertices of a triangle to 

the opposite sides meet in a point. X!kXVI. 3. 

(I^X)f by means of Prop. III. 5, 6.) 

'(This point is called the orthocentie of the triangle.) 
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(Draw the perpendiculars AD, BE, meeting at 0. Join CO and 
prince it to meet AB at F. The pts. A, B, D, E are conoyclic and 
also the pts. D, C, E, O. Then 

r.FAO+ ^FOA= Z.BED+ r.COD= Z.BED+ ^DEC=a rt. L. 
Hence, etc.) 

(The ,ADEF is called the pedal or orthocentric triangle.) 

30. In an acute-angled trhmgle, the perpendiculars from the vertices 
of a triangle on the opposite kdee bisect the angles of the pedal triangle. 

XXXVI. 4. 

31. Given the base and vertical angle of a triangle, prove that the 
locus of the intersection of its medians is an arc of a circle. XXXVI. 6. 

(If D, E be the points of trisection of the base, DE will be found to 
be the chord of the arc.) 

32. All circles whose centres lie on a given straight line, and which 
pass through a fixed point, pass through a second fixed point. XXXVI. 6. 

33. The in-circle of the triangle ABC touches BC at D, AC at E, and 
AB at F. Prove that 

AF=AE=s-a, BF = BD-=6-ft, CD = CE=s-c, 

where a, h, c denote the sides BC, AC, AB respectively, and 2s denotes 
the sum of the sides. (1 ,FhBD-i-CD=s, i.c. AF-i-a=s.) XXXVI. 7. 

34. If an escribed circle of the triangle ABC touches BC externally 
at D, prove that, with the above notation, BD=«-c and CD=s-li. 

, XXXVI. 9. 

35. If T is the orthocentre of the triangle ABC, and AP is a diameter 

of its circum-circle, prove that PT and BC bisect one another. (Provo 
that BPCT is a pai-m.) XXXVI. 10. 

36. From 0, the centre of the circum-circle of the triangle ABC, OL 

is drawn at right angles to BC. If T is the prthocentre of the triangle, 
prove that AT=20L. (As in 42 prove that BPCT is a pal™. Hence Lis 
the raid. pt. of PT.) XXXVI. 11. 

37. Given the base and vertical angle of a triangle, find the locus of 

its oijhoc entre. XXXVI. 12. 


EXEBQISES. 

Loci. 

1. What is the locus of the centres cf all circles which touch a riven 

straight line at a given point t XXX!VXI. 1. 

2. Hfiual chords are drawn in a circle; what is the locus of their'' 

middle phints ? XXXVII. 2. 

3. Tangents are drawn from a fixed point to a series of concentrio 

circles; find the locus of their points of contact. XXXVU. 3. 
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4. ilnd the locus of the middle points of chords of a circle which 

pass through a fixed point. XXXVII. 4. 

5. ABC is a triangle of given base BC and given vertical angle A. 
BA is produced to D so that AO=A 6 : find the locus of D. XXXVII. 6 . 

6 . Two circles touch a given straight lino at given points, and also 
touch each other: find the locus of their point of contact. XXX!VII. 6 . 

7. A and B arc two fixed points on a cirelc, and CD is any diameter. 
Find the locus of the point of intersection of AD and BC. XXXVII. 7. 

8. Given the base and the vertical angle of a triangle, find the 

locus of the centre of its circum-circle. XXXVII. 8 . 

9. Given the base and vertical angle of a triangle, find the locus 

of the centre of its inscribed circle. XXXVII. 9. 

10. Given the base and verti( 5 al angle of a triangle, find the locus of 
the centre of that escribed circle which touches the base e.v'tcrually. 

XXXVII. 10. 

11. AB is a fixed chord of a circle, and C any other point on the 

cu*oumference; if tlie parallelogram BADC l>e completed, find the 
locus of the intersection of its diagonals. XXXVII. 11. 

12. A straight ruler slides with its ends on 4wo fixed straight lines 
at right angles to one another ; find the locus of its middle point. 

• xxxvir. 12. 

13. AB and CD are drawn parallel to one another on tlie same side 
of the straight line AC: tiiui the locus of the {x>int of intenscction of 
the bisectors of the angle.s BAG, AGO ; A and C being fixed points. 

XXXVII. 13. 

14. Two circles, centres C and D, cut one another at A and B, and 

PAQ is any straight line througli A terminated by the circum¬ 
ferences : p 50 ve that the locus of the point of intersection of PC and QD 
is a circle passiifg through B. XXXVII. 14. 

15. A is a fixed point on the circumference of a circle, and AB is any 

chord. On AB is described a segnnmt of a circle containing a given 
angle: prove tlmt the locus of its centre is one or other of tx*^ liKcd 
circles. XXX\’II. 15. 


EXERCISES. 

JJpMBEICAL EXA.MPLES I.V CiRCLES, CHORDS AND TaNGENTS. 

1. From an exteraal point T a tangent TP is drawn to a circle whose 

centre is O. If TO, TP measure 26 and 24 inches respectively* find 
the length of the ratlins. XXXVIII. 1. 

2. 0 being the centre of a circle, find the length of the tangent TP 

if TO be 37 inches, and radius=35 inches. XXXVIII. 2. 
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3. Two tangents make an angle 120° with each other, and the 
chord joining the points of contact is 6 inches long. Find the radius. 

XXXVIII. 3. 

4. In a circle whose radios is 66 inches a chord is 126 inches: find 

its distance from the centre. XXXVIII. 4. 

5. .In a circle of radius 85 inches there are two parallel chords whose 
lengths are 72 inches and 102 inches; find their distance apart. 

XXXVIII. 3. 

[The height of on arc is the line drawn to the arc from the mid. point 
of the chord perpendicular to the chord.] 

6. Find the chord of an arc whose height is 8 inches in a circle of 

radius 13 inches. XXXVIII. 6. 

7. In a circle of diameter 64 decimetres the height of an arc is 
15 decimetres: find the chord of the arc, and the chord of half the arc. 

xxxvin. 7 . 

8. The chord of an arc is 64 feet and its height is 8 feet; find the 

radius. xxxvin. 8 . 

9. On a line 40 centimetres long and on each half of it are deroribed 
semi-circles. Prove that the radius of the circle inscribed in the 
space enclosed by the three semi-circles is Or, centimetres. XXXVIII. 9. 

10. Two equal circles of 25 centimetres radius have their centres 
48 cm. apart. Find the lencth of their common chord. XXXVIII. 10. 

11. Describe a circle of radius 5 cm., draw a chord of length 6 cm., 

and describe a concentric circle touching this chord. Measure the 
radius of this circle. XXXVIII. 11. 

12. With centres 5 cm. apart, draw circles of radii 3 and 4 cm., and 

measure their common chord. XXXVIII. 12. 

13. In a circle of 70 inches diameter, a chord is drawn 56 in. in length; 

find its distance from the centre. XXXVIII. 1.3. 

14. In a circle of radius 70 in. a chord 48 in. long is drawn: find its 
distance from the centre correct to two decimal places of an inch. 

XXXVIII. 14. 

15. The chord of an arc is 10 cm. long, and its middle point is 6 cm., 
fromtt.e middle point of the chord : find the radius of the circle. 

XXXVIII. 16. 

16. Describe a circle of radius 2-6 cm. passing through two points 

4-8 cm. apart. Describe your construction, and find, the distance of 
the chord from the centre. ,, XXXVIII. 16. 

17. In a circle of radius 6 cm. two chords of length 6 and 8°om. are 
drawp parallel to one another: find their distance apart. XXXV ill. 17. 

18. Make a triangle whose sides are 5, 6 and 7 cm. long. Erect 

perpendiculars at the middle points of two sides, and measure the 
distance of their point of intersection from the three angular Mints, ' 
What do yon d^uce from your results f XXXVlH. 18,. 
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19. In a circle of radius 2*7 cm. draw a chord 3*4 cm. long, and 

measure its distance from the centre. XXXVIII. 19. 

20. In a circle of radius 3*5 cm. draw a chord at a distance 2 cm. 

from the centre, and measure its length. XXXVIII. 20. 

21. iraw a circle with a radius of 8 cm. (or if you prefer it, 3 inches) 
and from a point P distant 16 cm. (or 6 inches) from the centre 0 of the 
circle draw a tangent to the circle; meosiiro and state its length. 

XXXVIII. 21. 

22. With your instruments draw a circle of radius 5 cm. (or, if you 
prefer it, 2 inches), and inscribe in it a regular hexagon. 8tate your 
construction and prove that all the angles of the hexagon are equal. 

XXXVIIL 22. 

23. A circle is described so as to pass througJi the i)oints A and B 

of a square ABCD, and the middle point of CD. Making the sides of 
the square 5 cm. long, draw the circle. If it cuts AD in F, measure the 
length of AF as accurately as you can. XXXVIII. 2.3. 

24. The length of each of two tangents drawn from a point to a circle 
is a, and the length of tlie chord of contact b : find the radius. 

xxxvm. 24. 

25. Two tangents drawn from a point to a circle are each 4 cm. long, 
a,nd the angle between them is 65 degrees; dra^^thc tangents and the 
circle, and measure the radius as accurately jus you can. XXXVIII. 25. 

26. 0 DA, DQC are at right angles. OQB is a straight line. DA=a 

OC=6, D<i=c. 0 is the centre of a circular arc AB, Q the centre of a 
.circular arc BC. I^nd OA, QC in terms of a, b, c. Find the lengths 
of OA and QC when a-.3, 5=5, c=3. XXXVIII. 26. 

27. It is required to fix the position of a certain tree on a moor by 

taking measurements of lengths or angles with reference to two stone 
pillars. Give as many sets of incasurementB as you can, each set of 
which would be spfHcient for the purpewo. XXXVIII. 27. 

28. Draw a straight line BC 8 cm. long, and from B draw a straight 
line BA, making 60^ with BC. If this figure is to be completed into a 
triangle ABC, what is the greatest possible sizo of tlie angle C T What 

the least possible size of AC ? Give your reasons. XXXVill. '28. 

29. Draw a circle of radius 3 inches, and in it place a chord AB 

'3*4 inches long. Take four points P, Q, R, $ in the greater part of 
the circumference. Measure and compare the angles *APB, AQB, ARB, 
.A86. What property of a circle ^ suggested ? Prove this property 
in the mast general form you know. XXXVIII. 29. 

30. AB is a diameter of a circle, P a point on it, PQ perpendiaular 
to AB and meeting the circumference at Q. For what positidh of P 
is PQ greatest ? State a relation between the lengths PA, PQ, PB. 

1|'2000 yards of fencing is to enclose as great a reotongular field 
4S portable, what must be the lengths of the sides ? XXXVIlt 30. 
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31. With instruments make a square equal in area to a rectande 

measuring 11 om. by 7 cm. State construction. Hence had the 
square root of 77. XXXVIII. 31, 

32. On a line AB, 5 cm. in length, describe a segment of a circle 
containing an angle of 30'’. State your construction. If O be the 
centre of this circle, what is the magnitude of the angle AOB ? 

XXXVIII. 32. 

33. Make a circle 8 cm. in radius, and in it lay in succession 4 chords, 

AB=11 cm., BC^IO cm., CD=9 cm., DE=8 cm. By measurement 
find in degrees Z.ABC t-^AEC, Z.ABD + /.AED, Z.BCD f Z.BED, and 
i^BCE f ^BAE. XXXVIII. 33. 

34. Suppose a circle of diameter 2^ inches drawn, and any diameter 
AB produ(5ed to P, so that PB is 2 inches. What would be the length 
of a tangent from P to the circle ? Explain how you find it. 

XXXVIIT. 34. 

35. Take a straight line .5 cm. long. Describe a parallelogram on 

it, having one angle 45° and an ai*ea of 40 sq. cm. Mea.sure one of 
its longest sides. XXXVIII. 36. 

36. If I walk 10 kiloinetrcs east and then 4 kilometres north-east, 

how far am T from m^‘ starting-point ? XXXVIU. 36. 

37. Draw a circle of radius 3 inches, and in it place chords of 

1, 2, 4 inches. Ascertain from your figure which is the nearest to 
the centre and which farthest from it. XXXVIIT. 37. 

38. Describe a circle of 2 inches radius, c<*ntre O. In it place a chord 
AB 3 in. long, lii the greater of the are.s into wliicli the circle is divided 
take points P, Q,, R. Measure La AOB, APB, AQB, ARB; state the 
relation between them, and prove your statement. XXXVIU. 38. 

39. A straight line PQ cuts a circle in A and B. If B moves along the 

circle tow'ards A, so tliat the line PQ, turns round A, what happens to 
PQ as B reaches A ? XXXVIU. 39. 

Jp is the centre of a circle, and AB a chord. Calculate the values 
of the Z.OAB when the Z.BOA has values 30°, 20°, 10°, 5°, 1°, 30', 1'. 

Detluce a rule for drawing the tp-ngent at A. XXXVIU. 40. 

41. Draw AB, AO at right angles, one 2 inches and the other 3 inches 
lone. Knd a point at which each subtends an angle of 120°. 

® ^ XXXVIU. 41. 

42. a circle of I inch radius place a chord of *8 inch ^rallel to 

a given straight line. XXXVIU. 42. 

43. Draw all the circles of 0*7 inch radius which touch two riven 

intersecting straight lines. XXXVI5I. 43. 
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44. Draw two circles of -8 and 1’6 inches radius and with centres 
2*8 inches apart. Draw a straight line so that the intercepted chords 
may be each 1 inch. How many solutions are there ? XXXVIII. 44. 

45. In a circle of 3 cm. radius inscribe the greatest possible triangle, 

and find the length of its perimeter. XXXVIII. U). 

RATIO. 

If one quantity, a, is thnm times another quantity, b, of the 
same kind, a is said to be to b in the ratio of .'5 to 1. 

This is expressed thus ; o; 6 :: 3 ; 1 , or more usefully thus : 

a _3 
b~l' 

In the same way, if oue quantity is three-quarters of another 
of the same kind, the first quantity is said to be to the second 
in the ratio of 3 to 4, and we may expre.s 8 this thus, w'here a and 
b are the two quantities : 

a 3 
'b~4' 

CIRCUMFERENCE OF 1 CIRCLE. 

If we measure the eircumferenpe of a circle, we find that its 
length is approximately 3! times the length of its diameter. 

In other words, 

circumference 22 , 

diameter 

This value* of "the ratio of the circumference of a circle to its 
diameter is only approximate. Its actual value is found to be 
incommensurable; i.e. if we measure the diameter in any unit, 
we cannot express the circumference in an exact multiple of th^t 
unit. 

The ratio of the circumference of a circle to its diameter is 
usually denoted by the Greek letter w. 

Thus, if r denotes the radius of a circle, its 

CIKCUMPERENCE = 2vr. 

22 

A more nearly exact value of v than y is 3*1416, but it>must 

be remembered that this again is only an approximation, and 
that its exact value cannot be obtained. 
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LENGTH OF AN ARC. 

If we divide the circumference of a circle into 360 equal parts, 
each part will subtend at the centre an angle equal to 1 degree. 
Hence if I denote the length of one port, and c the length of the 
whold circumference, ^ I 

3TO’ 

and if x denote the length of the arc which subtends an angle of 
n degrees at the centre, 

X 11 ^ _ tie 

c“3«)’ '‘'“36()‘ 


EXERCISES. 

{In all ExampUa taker —y, ntUeae something is implied to the contrary.) 

On the Cibcchfebence of a Cibcee. 

1. Find approximately the lengths of the circumferences of the 
circles whose radii are respectively: 

(1)6 inches. (2) 4'.5 cm. 

‘ (3) 2 ft. 4 in. (4) 1 metre. XXXIX. 1. 

2. The circumference of a circle is 77 feet; find its diameter. 

XXXIX. 2, 

3. A wheel 6 ft. in diameter makes 6000 revolutions; throu^ what 

distance does a point on its rim travel ? XXXIX. 3. 

4. How many laps to a mile are there in a circular track of 80 yards 

radius ? XXXIX. 4. 

6. The driving wheel of a bicycle is 32 in. in diameter: how far has 
tfife bi.yclist travelled when the wheel has made 2000 revolutions t 

XXXIX. 6. 

6. The driving wheel of a locomotive engine is 7 ft. in diameter, and 
makes 240 revolutions a minute: at what rate is the engine travelUng f 

XXXIX. 6. 

7. Show that the perimeter of a regular hexagon is to the circum- 

fereiioe of its circumscribed circle as 3 is to tt. XXXIX. 7. 

8. The diameter of a circular track is 448 ft. How many revoluRons 

will a bicycle-wheel 32 in. in diameter make in travelling 5 times 
round it 1 .:&XIX. 8. 
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(In all Examples take unless something is implied to the contrary.) 

EXERCISES. 

On Akcs of Cibclns. 

1. The circumference of a circle is 25 ft.; Hnd the length of an 

arc which subtends an angle of 60 degrees at the centre. XL. 1. 

2. An arc of a circle, 14 inches in dianjeter, subtends an angle of 

54 degrees at the centre: lind its lengtla XL. 2. 

3. Two radii of a circle, 21 cm, radius, contain an angle of 75 degrees : 

find the length of the intercepted arc. XL. 3. 

4. AB is a chorti of a circle, equal in length to the radius of the 

circle. If its length is 85 inches, find, to the nearest inch, the length 
of the arc A8. (s'=3d416.) XL. 4. 

5. A chord of a circle of 5 cm. radius is 8 cm. long; draw the 

circle and the chord, and measure, as accurately as you can, the height 
of the smaller arc cut off. XL. 6. 

6. Find the length of that part of a railway-curve which subtends 
an angle of 22^ degrees at the centre of a circle whose radius is 1 mile. 

XL, 6. 

7. Find the distance in miics between any tw« places on the equator 

which differ in longitude by 6° 18‘, assuming the earth’s equatorial 
diameter to’be 7925-6 miles. (t=;31416.) XL 7. 

8. Two places on the equator are 300 miles apart. What is their 

difference in longitude ? (Diameter of the earth=7925-8 miles, 
17=3-14159.) XL. 8. 

9. The chord of an arc is 16 ft., and the height of the arc 4 ft. What 

is the radius of the circle ? XL 9. 

10. The chonl of an arc is 7-2 cm. and the chonl of half the are 
3-9 cm.: find thq radius of the circle. XL. 10. 

AREA OF A CIRCLE. 

Let ABC be the circle whose centre is O, and let r be its radj'is. 

Let the circumference be divided into h equal parts, which 
AB is any one. Join AB, OA, OB, and draw 
ON perpendicular to AB. The area of the 
AOAB=iABxON. 

.'. the area of the polygon formed by 
joining all the pts. of division = |aB.ON, 

for the As thus formed are equal in area. 

Let the number (n) of divisions be 
increased indefinitely. 
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Then uUinxatehj each chord AB will coincide with its arc AB. ; 
the perimeter of the polygon ultimately coincides with the 
circumference of the circle, 

t.e. ultimately «. AB = circumference of circle «= 2jrr. 

Also the perp' ON ultimately coincides with the radii OA, OB. 

/. the area of the circle = area of the polygon in the limit 

ON 

^limiting value of a . AB . 

= '2nr X ^ 

■■irr. 


EXERCISES. 

Aiikas of Circlks. 

(Tal'e 7r = y, unless somethivg to the. contmrij is implied.) 

1. Find the area of a circle whose radius is S ft. 6 in. XLI. 1. 

2. Taking ir=3'14^6, estimate, correct to a sq. in., the area of a 

circle whose radius is 10 ft. 6 in. XLI. 2. 

3. The area of a circle is 3850 sq. links: rtnd its circumference. 

XLI. 3. 

4. Find approximately the area of a running track, 7 ft. wide, 

surrounding a grass plot 294 ft. in radius. XLI. 4. 

5. Find the area of the greatest circle which can be cut out of a 
triangular piece of paper whose sides are 3,4, 5 ft. respectively. XLI. 5. 

6. Find approximately the radius of a circle whose area is 260*26 

sq.yd. XLI. 6. 

7. Three circles, each of radius 1 ft., touch each other externally. 

Find the area of the curvilinear figure included between them. 
(7r=3*1416.) XLI. 7. 

8. 4116 circumference of a circle is 1 ft. Find its area to the nearest 

hundredth of a sq. in. (ir=3*1416.) XLI. 8, 

9. Find, correct to two decimal places, the area included between a 
circle whose radius is 10 in. and its inscribed square. (x=3*1416.) 

,XLL 9. 

10. An equilateral triangle and a regular hexagon have the same 
perimeter. Show that the areas of their inscribed circles are as 4 to 9. 

XLL 10, 

11. Show how to find the radii of the n concentric circles which diyide 

the area of a given circle into n +1 equal parts. XLI. 11. 
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12. If the radius of a ^ven circle is 1 ft., find to the nearest hundn)dth 
of an inch the radii of the two concentric circles which divide its area 
into 3 equal parts. (?r >-31416.) XLI. 12. 


MISCELLANEOUS EXERCISES. 

1. BEAC is a soTni-circlc whose! diameter is BC; D is any point on 
BC ; AD is perpendicular to BDC ; ^ if^equal to AD ; and F is on DA 
produced so that DF is equal to AB ; show that CE is equal to CF. 

XUI. 1. 

2. ABC is a tnangle and D a point in BC such that AD bisects the 

angle A. If O be the centre of a circle whicfi touclies AB at A and also 
passes througli D, pi’ove that OD and AC are at right angles and. find 
thi© magnitude of the angle AOD. XLII. 2. 

3. The straight line AB of given length moves so that its extremities 
are reaiwctively upon the two li.xed straight lines OC and OD meetup 
at O. Provo that the centre of the cirtde circumscribing the triangle 
OAB lies UT)on the circumference of a circle whose centre is 0. 

XLII. 3. 

4. A moveable circle witli constant radius cuts the two fixed straight 

lines APR, AQS in P, Q, R, and S; prove thtt for all positions of the 
circle the sum of the arcs RPQ and PQS^s constant. XLII. 4. 

5. ABC is an isosceles triangle in which AB is equal to AC, and AD 

is drawn to meet the base BC in D ; show that the centrc«of the circle 
described round ABD is at the same: distanco from AB that the centre 
of the circle round ADC is from AC. XLII. 6. 

6. A quadrilateral ABCD is eircutnscribed round a circle, touchii^ 
the circle in E, F, G, H. Fiiul the difference of two opposite angles 
of ABCD in terms of the difference of two adjacent angles of EFGH. 

• , XLII. 6. 

7. If a circle roll within another of twice its radius, any point in its 
circumference will trace out a diameter of the larger circle. XLII. 7. 

8. Given a circle and a straight line, find a point in tlK sti^ight 

line such that, if tangents be drawn from it to the ciredo, the chord of 
contact will subtend a given angl9 at the circumference. Is it always 
possible to solve this problem ? Give your reasons. XLII. 8, 

9. If any two circles bo drawn each touching tho three sides of a 
trian^e, prove that tho circle described on the lino joining their centres 
as diameter passes through two vertices of the triangle. XLII. 9. 

10. Two points are given; one is to be the centre of a circle, and 
the tangent drawn to this circle from tho other is to bo of given length 
less than the dutance between tho given points; show how to draw 
the’ circle and the tangent. XLII. 10* 

S.O. 


K 
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11. The i>erpendicular8 drawn from the angular points A, C of the 

triangle ABC, to the opposite sides, cut these sides in D and F, and 
intersect one another in P. Prove that the tangents, at D and F, 
to the circle which passes through BDPF, pass through the middle point 
of the side CA; and that tlie tangents to this circle at P and B are 
parallel to CA. XLII. 11. 

12. A and B are fixed points on a circle whoso centre is C, and P is a 

moving point on the circle; if AP revolves round A at a given rate, 
find tho relative rates at which oP and CP revolve respectively round 
B and C. XLII. 12. 

13. Two circles being given in position and magnitude; draw a 
straight lino cutting them so that the chords in each circle may be equal 
to a given lino, not greater than the diameter of the smaller circle.. 

XLII. 13. 

14. The circle inBcri!>ed in the triangle ABC touches tljo side BC 

at D. Show that the circles inscribetl in the triangles BAD and CAD 
touch each other. XLII. 14. 

15. P, C and L denote respectively a given point, circle and unlimited 

straight line, P anfl C lying on tlic same side of L. Find, with proof, 
a point Q in L such that PQ. and a tangent from Q to C (not in tho 
same straight lino witH' PQ) make equal angles with L. Only one 
solution required. • XLII. 15. 

16. If 0 is the centre of the circum-circlo of tho triangle ABC, and 
the lines AO, BO, CO produced meet the circumference in A', B', C', 
show that the triangle A'B"C' is in every respect equal to ABC. XLII. 16. 

17. ABC is a right-angled triangle, A being tho right angle. Prove 

tliat the hypotenuse BC is equal to tho difference between the radius 
of inscribed circle of the triangle and tho radius of the circle whicl^ 
touches BC and the other two sides produced. XLII. 17. 

18. The radii of two intersecting circles are respectively 15 inches 
and 13 inches, and the common chord of the circles 24 inches long. 
Wh^ length of the line joining their centres lies within both circles ? 

4 XLII. 18, 

19. Describe two circles to touch two given circles, the point of contact 

with one of these given circles being given. XLII. 19. 

* 20. Provo that, if ABC bo a triangle, I tho centre of its inscribed 
circle, D the middle point of BC, L the point whore Al produced meets 
BC, and P the foot of the perpendicular from A on BC, then L lies 
between P and D, the sides AB and AC being unequal. XLII. 20, 

21. Draw a circle to pass through two given points, and to touch a 
^yen circle. How mtsst the positions of the points be limited 7 

, XL^.21v 
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22. Circles through two fixed points A, B intersect fixed straight lines, 

which terminate at A and are equally inclined to AB on opposite sides 
of it, in the points L, M; prove that the sum of the lines AL, AM 
constant. XLII. 22. 

23. AB is a diameter of a circle. PQ is a chord not at right angles 

to AB. AM and BN are drawn per])cndicular to PQ, Provp that 
PM=NQ. XLII. 23. 

24. P and Q arc points on a diameter of a circle produced, and are 

at equal distances from the centre. PR and QT arc tangents from 
P and Q, the points R and T lying on opposite sides of PQ. Prove that 
PRQT is a parallelogram. XLII. 24. 

25. AB and CD are two intersecting chords of a circle. If the arcs 

AD apd BC are together equal to the arcs DB and CA, prove that 
AB and CD are at right angles to one another. XLII. 26. 

26. P, Q, R, S are the orthocentres of the triangles BCD, CDA, DAB, 
ABC, whore A, B, C, D lit? on one and the same circle; prove that the 
quarlrilatorals ABCD, PQRS are of the .same shape and size. XLII. 26. 

27. A, B, C, D arc four points talc(ui in order on the circumference 

of a circle; the .straight lim^ AB, DC produced meet in P, and AD, BC 
in Q: prove that the straight lines bisecting the angles APC, AQC are 
at right angles. * XLII. 27. 

28. ABCD is a parallelogram; AE is at^right angles to AB, and C£ 
is at right angles to CB: show that ED produced will cut AC at right 

•XLH. 28. 


29. A is a fixed point on the circumfei'ence of a circle, and B is any 

other point on the circumference. AB is })r(jduced to C so that BC=AB. 
Prove that the locus of C is a circle, wlioso diameter is twice that of 
the given circle. XLII. 29. 

30. If P he the oithocentrc of the triangle ABC, the circles circum¬ 
scribing the triangles ABC, APB, BPC, CPA are equal. XLII. 30. 

31. Two opposite sides of a quadrilateral are together equal to the 

other two, and each of the angles is less than two right angles. Show 
that a circle can be inscribed in the quadrilateral. :^iIj3i. 

32. The straight lino joining the feet of the perpendiculars from any 
point of a circle upon two fixed diameters is constant in length. 

XUI. 32. 

33. Prove the converse of thc» above, viz., that if a straight tine of 

riven Ibngth slide with its ends on two given intersecting straight 
wes, the two perpendiculars at its ends to the given lines meet on a 
5xod circle. 33. 
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ON RECTANGLES AND AREAS 
DEFINITIONS 

1. A rectangle Las been defined as a parallelogram which has 
one of its angles a right angle. 

It must be remembered that all the angles of a rectangle are 
right angles. 

2. A rectangle is said to bo 
contained by any two of its 
conterminous sides. 

Thus the rect. A8CD is said A - 
to be contained by AB and AD; 
or by AD and DC; and so on. 

“ The rect. contained by L 
AB, BC” is usually abbreviated B 
into “ the rect. AB. BC.” 

Also if P aad Q are two str. lines resiiectively equal to AB 
and BC, the rect. AB. BC is equal to the rect. P. Q. 

3. In a parallelogram, the fig. formed by either of the 
parallelograms about one 
of its diagonals and the 
complements is called a 

gnomon. 

Thus, in the accom- . 
panying diagram, the fig. 
bound^ by the thicker 
lines is a gnomon, and can 
be described as the gnomon AKE. 

. N.B.—AB’ is often used as an abbreviation for “ the square on AB.” 
ae. 149 1 
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Proposition 1. Theorem. 

If there be two straight lines, one of which is divided into any 
number of parts, the rectangle contain^ hj the two straight lines is 
equal to the sum of the rectangles contained by the undivided line 
and the several parts of the divided line. 

Let AB and X he tlie two atr. lines, and let AB be divided 
into any number o( parts AC, CD, DB. 

It is reqd. to prove that A a C h D r B 

the reel. X. AB=rec(. X. AC 

+ recl. X . CD+rect. X . DB. 

From A draw AE at rt. z. a to 
AB, and equal to X. 

Through E draw EF || to AB ; 
and through C, D, B draw CG, DH, BF I1 to AE. 

Let AC=a, CD = 6, DB=c, and X-j) units of length. 

The result may be read off immediately from the figure, or 
algebraically as follovs: 

rect. AB . X — (a + b’'-c)x=ax + bx + cx 

= rect. AC . X + rect. CD . X + rect. DB . X. 

Q.B.D. 


ax 

bx 

cx 

X 

E C 

H 



Proposition 2. Theorem. 


If a straight line be divided into any two parts, the square on the 
whole line is equal to the sum of the rectangles contained by the whole 
line and each of ike parts. 


Let the atr. line AB be divided into any 
two parts AC, CB. 

ft is reqd. to prove that the sq. on AB=recl. 
AB . ACf+rect. AB . CB. 

On AB describe the sq. ABDE, 
and through C draw CF || to AE, or BO. 

Let AC=o, CB=6 units of length. 

The result can be read ofi from the figure, 
*br deduced algebraically as follows; 

sq. on AB = (a + 6)“ = (a + + 5) 

= (a + b)a + {a + b)b 


A a C 6 B 






+ 

+ 

’' 2 . 





E F D 


= rect. AB . AC + rect. AB . CB. 


Q.E.D. 
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PEOPOsraoN 3. Theorem. 


If a straight line be divided into any two parts, the redangle 
contained by the whole line and one of the parts is equal to the square 
on that part together with the rectangle contained by the two .parts. 


Let the str. line AB be divided into any two 
parts AC, CB. ■ 

It is reqd. to prove that the rect. AB.kC = the 
sq. on AC +the rect. AC . CB. 

On AC describe the sq. ACDE, and through 
B draw BF || to AE, or CD, to meet ED produced 
atF. 


A a 0 i B 



E D F 


Let AC=a and CB=6 units of length. 

The result can be read off immediately from the figure or 
deduced algebraically as follows ; 


rect. AB . AC = (rt + b)a =a* +nb 


=sq. on AC + rect. AC . CB. 


Proposition 4. Theorem. 

If a straight line be divided into any two parts, the sqmre on the 
whole line is equal to the sum of the squares on the two parts together 
with twice the rectangle contained by the two parts. 

Let the str. line AB be divided into any two 
parts at C. 

It is reqd. to prove that the sq. on KB =the 
sum of the sqs. on AC, CB, together with twice 
the rect. AC . CB. 

On AB describe the sq. ABDE, and through 
C draw CF |{ to AE or BD. 

From BD cut off BG equal to BC, and 
through G draw GHK || to AB or-ED, meeting 
CF at H. 

Let AC=a and CB = 6 units of length. 

Th% result can be read off from the figure, or deduced algebraic-' 
ally as follows: 

AB» = (a-i-b)!“ 

=<i*-t6® + 2q6 

=AC2-j-BC2-t2rect. AC.BC. 
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D gJb B 


If a straight line le divided equally and unequally, the rectangle 
contained by the unequal parts is equal to the difference of the square 
on half the line and the square on the line between the points of section. 

Let the str. line AB be divided 
equally'at C and unequally at D. 

It is reqd. to prove that the 
red. AD . DB=the diff. of the sqs. 
on CB and CD. 

On CB describe the sq. CBEF, 
and through D draw DK H to CF 
or BE. From BE cut ofE BG equal 
to BD, and draw GLMN 






N 

M 

L 

4’ 



F K E 
to BC or EF, meeting DK at L, CF at M. 

Through A draw AN H to CM. 

Algebraic Proof. 

Let AC=CB=a and CD =5 units of length. 

Then rect. AD . DB = (a + fe)(a - 6) 

r ^CB^-CDi*. 

Note. —In the figure the shaded rents. AM, DE are equal. 

' reot. AD. DB=AL=gnomon CQK 

=CB»-CD». 

Proposition 6. Theorem. 

If a straight line be bisected and produced to any point, the rectangle 
contain^ by the whole line thus produced and the pad produced is 
equal to the difference of the square on the line made up of the 
half and the part produced and the 
squofc on half the line bisected. 

Let AB be bisected at C and pro¬ 
duced to D. 

It is reqd. to prove that the red. 

AD. DBc^tAs diff. of the sqs. on CD, 

CB. 

On CD describe the sq. CDEF, and -^— 

through 3 draw BH 1| to DE. ^ HE 

From DE cut off DK equal to DB, and through K draw KLMN 
II to AD. Draw AN |1 to CM. 


<- 4 ,--. 

C B 


a(b-^) 

a(h-a) 

(b-c^ 

N M 

L 

1 

.<2. 

0 
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Let AC= 0 , CD = i units of length, so that DB = 6 - a. 

From the figure, 

{h + a)(6-o) = rect. AD . DB 

=fig. AK=fig. CK+fig. KH 
= fig. CE-fig. MH=62_a2_ 

Aloebbaic Proof. 

The rcct. AD . DB = (/)+ffl)(5-o) 

=52_a2 

=CD2-CB2. 

Definition.— If D be any point in the straight line AB, or in AB 
produced, the linos AD, DB are called the segments of the line AB. 

Thus we see that a straight line may be divided into two 
segments either internally or externally. 

A D B 

I._____,1 



In the figures above, AD and DB arcen each case segments of AB. 

With this definition. Propositions 5 and 6 may be enunciated 
as one, as follows: 

If a straight line be Usecled and divided into im unequal segments 
{mtermiUy or exlermUg), the rectangle contained by the segments 
is equal to the difference of the squares on half the line and an the ' 
line between the points of sect ion. 

Proposition 7. Theorem. 

If a straight line be divided into any two parts, the sum of the 
squares on the whole line and on one of the parts is equal to twice . 
the rectangle contained by the whole and that 
part, together with the square on the other part. 

Let AB be divided into any two parts at C. 

It is reqd. to prove that the pqs. on AB and 
BO twice the red. hB. BO together with the 
sq. on AC. 

On AB describe the sq. ABDE, and through 
C draw CK || to AE or BD. 

From BD cut off BE equal to BC, and draw FHQ || to AB, 
cutting CK at H. 
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Algebraic Proof. 

Let AB=ffl and BC = 6; then 

2 rcct. AB . 8C + AC® = 2o6 + (a - 6)® 

= 2oi)+(j®-2«6 + i® 


=«® + 62 
= AB® + BC®. 


Note.—F rom the figure, 2 met. AB, BC +AC^ 

= 2AF+GK=^AF+CD+GK 

=AD+CF 

-^AB» + BC®. 

EXEECISES. 

1. The square on a straight line is equal to four times the square 

on half the lino. XLV. 1. 

4 

2. The square on a straight lino is equal to nine times the square 

on one-third of the line. XLV. 2. 

3. Use IV. 5 to make a rectangle equal to the difference of two given 

squares. ' XLV.'3. 

4. In a right-angled triangle, the square on one of the sides con¬ 

taining the right angle is equal to the rectangle contained by the sum 
and difference of the hypotenuse and the other side. XLV. 4. 

5. Use 11. 16 and IV. 4 to prove that, in a right-angled triangle, 
the square on the perpendicular from the right angle to the hypotenuse 
is equal to the rectangle contained by the segments of the hyirotmuse^ 

U. The square on any straight line drawn from the vertex of an 
isosceles triangle to the base is less than the square on one of the sides 
by the rectangle contained by the segments of the base. XLV. 6. 

7. Prove that, :n a right-angled triangle, if a perpendicular be drawn 
from the right angle to the hypotenuse, the square on one side is equrf 

f to the rectangle contained by the hypotenuse and the segmeift of it 
adjacqnt to that side. XLV. 7. 

8. If a straight line be divided equally and unequally, the difference 
between the squares on the unequal parts is equal to twice the rectangle 
contained by the whole line and the part between the points of seetion. 

XLV. 8 
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9. Show that the sum of the squares on two straight lines is 
never less than twice the rectangle contained by thoso straight lines. 

XLV. 9. 

10. Twice the square on the line joining any point in the hypotenuse 
of an isosceles right-angled triangle to the right angle is equal to the 
sum of the squares on the segments of the hypotenuse. XIjV. 10. 

11. If a straight lino be divided intp two equal parts and also into 
two unequal parts, the sum of the squan^s on the unequal parts is equal 
to twice the sum of the squares on half the line bisetded and on the lino 
between the points of section. 

12. If a straight line be bisected and j)roduced to any point, the 
sum of the stjuares on the whole line thus produced and on the part 
produced is equal to twice tlie sum of the squares on half the line bisected 
and on the line made up of tlie half and the part produced. 

13. A frame is formed of four rods Pd, QR, RS, SP each of length a, 

and two rods OQ, OS each of Icngtli h (greater than a). I’he joints 
O, P, Q, R, S being j)erfectly fre^c, show that in every position the 
rectangle OP. OR is equal to - aK XLV. 11. 

14. Show that of all rectangles having a given area the square is that 

the sum of whose sides is least. XLV. 12. 

15. If a given straight line is divided into any two parts, the sum 
of the squares on the two parts is a minimum when the parfs are equal. 

XLV. 13. 

16. In AC the diagonal of the square ABCD, a point P is taken. Show 

that the triangle wliose sides are equal to AP, PC and the diagonal of 
a square described on PB will be right-angled. XLV. 14. 

17. ABC is a triangle, and CD is perpendicular to AB ; if the roctanglo 
AO. DB is equal to tlie square on CO, the angle ACB is a right angle. 

XLV. 15. 


18. ABCD is a rectangle and AE is drawn to cut CD in E. T!f F is the 

middle point of CE, show that the dilTenuu^e between the si^ares on 
AC, AE is equal to four times the fectanglo CF. DF. XLV. 16. 

19. The diagonals of a squarei^BCD intersect in 0, and BD is produced 

to E %o that ED=AD. Show that BE- the diagonal of the square 
described on OE. XLV. 17. 
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Definition.—T he orthogonal projection of a point on a straight 
line is the foot of the perpendicular drawn from that point to the 
straight line. 

Definition.—T he orthogonal projection of one straight line 
upon another is that portion of the second line which is intercepted 
between the perpendiculars drawn from the ends of the first to 
the second. 

A 


E 


ED C F 

I'To. 1. Fia. 2. 

A 


•ED C F 

• Fig. 3. 

Thus in the accompanying diagrams, D is the projection of 
the pt. B ‘upon the str. lino EF: and the projection of the str. 
lino AB upon the str. line EF is, in each case, DC. In diagram 3 
the pts. B and D are coincident. 

Proposition 8. Theorem. 

In an obtuse angled-triatujh, the square on the side subtending 
the obtuse angle is greater than the sum of the squares on the sides 
containing the obtuse angle by tunce, the rectangle contained by either 
of tjpse sides and the projection, on it of the other side. 

A 

P 


8 a C X 0 

Let' ABC be a A obtuse-angled at C, and let CD be the 
projection of AC upon BC. 

It is reqd. to prove that AB* is greater than BC* + CA* by twice 
thereet.QG.QO. 
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Let AB=c, BC=», CA=6, CD=x, AD=p. 

Then AB®=BD* + DA^ = (o + a:)®+y*=o^ + (®®+j)*) +2as 
=BC*+AC2 + 2BC.CD(forz.Di3art. l). 
i.e. AB“ is greater than BC® + CA“ by twice the rect. CB.CD. 

(J.E.D. 

Trigonometrical Appmcation. 

CD 

In A ABC, cosC=-; CD=-ACco3C. 

AC 

AB2=BC* + AC2 + 2BC.CD 
=BC“ + AC2-2BC.ACc03C, 
or, with the U3ual notation, 

c^=a^+b^-2ah cos C. 

This and the following proposition are extensions of the Theorem 
of Pythagoras. 


Proposition 9. Theorem. 

In any triangle, the square on the side oppq^iile an acute angle is 
equal to the sum of the squares on the other two sides diminished by 
twice the rectangle contained by either of itose sides and the projection 
on U of the ot}^ side. 



Let ABC be any triangle, acute-angled at C, and lot CD be the 
projection of AC upon BC. 

It is reqd. to prove that AB* is less than BC^-l-CA** by twice the 
rect. BC. CD. 

Let AB=c, BC=a, CA=b, AD=p, CD=®. 

Then in both figures, AB^ = («~a:)*-t-p* 

• =oH(a:“+p*)-2aa!=BC*-t-AC“-2BC.CD 

(for aD is a rti A). 

i.e, AB® is less than BC^-lAC® by twice the rect. BC. do. 

Q.E.D. 

'N.B .—is the symbol denoting " the differenoe between.” 
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Trigonometrical Application. 

CD 

In A ABC, cos C = -r ; CD = CA cos C. 

C A 

.-. AB2=BC“ + CA2-2BC.CD 

=BC2 + CA2-2BC.CA cosC, 
or, with the usual notation, , 

c*=+ 6® - 2«6 cos C. 

Proposition 10. (Apollonius’ Theorem.) 

In any trianyle the sum of the squares on two sides is equal to 
ttoice the square on half the hose together with twice the square on the 
median drawn to the base. 



EIQ. 1. no. 2. 

Let ABC be any triangle. Draw the median AD to the base BC. 
Draw AE perp^ to BC, meeting BC in Pig. 1, and BC produced in 
Fig. 2 at E. 

It is reqd. to prove that AB® + AC^ = 2 . BD^ + 2 . DA*. , 

Let BC=ti, DE=a:, AE=p. 

AB*=BE* + AE* = Q + xj + p* 

=-| +a:*+p* + aa: = j + AD* + aa:. 

AC* = CE* + AE* = a; J +p* 

^2 qZ 

= j + a?+p*-ax = ^ + AD*-o®. 

fi* 

Hence, by addition, AB* + AC* = ^ + 2AD* 

=2.BD* + 2.AD*. 


Q.S.D. 
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EXERCISES. 

{N.B.—Algebraic methods will often help to determine a geometrical 
sol/ition.) • 

1. The sides of a triangle are 6, 8» and 12 inolics: prove that it is 

obtuse-angled. * XLVI. 1. 

2. The sides of a triangle are 9, 12, and 13 inuhes: prove that it is 

acute-angled. XLVI. 2. 

3. ABCD is a rectangle and P is any point within it: prove that 

the suih of the squaies on PC and PA is equal to the sum of the stjuares 
on PB and PD. XLVI. 3. 

4. In a triangle ABC the angles B and C are acute: if £ and F are 

the points where the perpendiculars from the opposite angles meet the 
sides AC, AB, sliow that the square on BC is equal to tiic sum of the 
rectangles AB. BF and AC. CE. XLVI. 4. 

5. If the medians of a triangle ABC meet in 0, prove that 

3(OA2-}-OB2-hOC2)=AB2 -| BC^ + CA*. XLVI. 6. 

6. Two sides of a triangle are 8 and 9 indies long, and include an 

angle of 60 degrees: hnd, correct to two decimal places, vlie length 
of the third side. XLVI. 6. 

7. Two sides of a triangle are 6 and 8 inches long, and include an 

angle of 120 degrees: find, correct to decimal places, tlic length 
of the third side. XLVI. 7. 

8. The sides of a triangle arc 6, 8, and 10 centimetres long: find, 

correct to a millimetre, the lengths of its medians. XLVI. 8. 

9. The sides of a triangle are 8, 9, and 12 centimetres loimt fi^d, 

correct to a millimetre, the lengths of its medians. XLVI. 9. 

10. ABC is a triangle such that AB=8 cm., BC = 10 cm., and the 

perpendicular from A on BC divides it in the ratio of 3 to 2: find, 
correct to two decimal places, thq length of AC. XLVI. 10. 

• 

11. Given that x, y, z are the lengths of the medians of a triangie, 

prove that 9. BC“=8r*+8j/*-4**, x being the median drawn to the 
SdeBC. XLVI. 11. 

12. The medians of a triangle are 5, 7, and 2 inches long; find the 

length of the side whose median is 2 inches. XLVL 12. 
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13. In the triangle ABC, AD and CF are drawn perpendicular to the 

opposite sides: use IV. 8 and 9 to prove that the rectangle BD . BC 
is equal to the rectangle BF. BA. XLVL 13. 

14. A point moves so that the sum of the squares of its distances 

from two fixed points is constant. Prove that the locus of the point 
is a circle whose centre is at the middle point of the line joining the 
fixed points. , XLVI. 14. 

15. The centre of a fixed circle lies at the middle point of the given 

straight lino BC ; if A be any point on the circle, prove that the sum 
of the squares on AB and AC is constant. XLVI. 16. 

16. Four times the sum of the squares on the medians is equal to 
three times the sum of the squares on the sides of a triangle. 

XLVI. 10. 

17. The sum of the squares on the sides of a parallelogram is equal 

to the sum of the squares on its diagonals. XLVI. 17. 

18. The diagonals of the parallelogram ABCD intersect at 0, and P 
is any point on the circumference of a circle whose centre is 0; prove 
that the sum of the squares on PA, PB, PC, PO, is constant. 

XLVI. 18. 

19. The sum of thd squares on the two equal sides of an isosceles 
triangle is less than the rum of tlie squares on the two sides of 
any other triangle on the same base and between the same parallels. 

XLVI. 19. 

20. The sum of the squares on the sides of a quadrilateral is equal 

to the sum of the squares on its diagonals and four times the square on 
the line joining the middle points of the diagonals. XLVI. 20. 

21. The sides of a triangle »rc 7, 5, and 8 inches: show that one of 

its angles is two-thirds of a right angle. XLVI. 21. 

22. Any point E is taken in the diagonal BD of a square ABCD. 

Prove that toe rectangle BE. ED is equal to the difference of the squares 
on AB and AE. XLVI. 22. 

,23. The side BC of a triangle ABC is bisected at D ; BD is bisected 
at H, Cb is bisected at K. AH, AK are bisected at L, M. Prove that 
eight times the difference between the squares on HM, KL is equal to 
three times the difference between the squares on AB, AC. XLVI. 23. 

24. ABC is a triangle having the sides AB and AC equal. On AC a 

square ADEC is described, and from B a straight line BFQ is drawn 
cutting AC, DE at right angles in the points F and Q. Show that the 
square on BC is equal to twice the rectangle ECFG. XLVI. 24. 

25. In any quadrilateral show that the squares on the two sides 

which subtend an obtuse angle at the intersection of the diagonals are 
together ^ater than the squares on the two sides which subtend an 
acute anipe at the same point. XLVL 25. 
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26. Prom the angles of an acute-angled triangle ABC perpendiculars 

are drawn to the opposite sides, which meet at a point 0. Show that 
the sum of the squares on OA, OB, OC is less than half the sum of the 
squares oti the sides of the triangle. XLVI. 26. 

27. ABC is a triangle, and E, F the middle points of the sides AC, AB. 
Prove that four times the difference between the squares on BE and CF 
is equal to three times the difference between the squares on BA and CA. 

XLVI. 27. 

28. Construct a triangle having given its area, its base, and the sum 

of ihe squares on its sides. XLVI. 28. 


Proposition 11. Theorkm. 

If two chords of a circle cut one, another, the rectangle contained 
by the segments of the one is eijttal to the rectangle contained by the 
segments of the other. 

Also conversely, if two straight lines cut one another so that the 
rectangle contained by the segments of the one is equal to the rectangle 
contained by the segments of the other, the four extremities of the 
straight lines are concydic. 

Let the chorda AB, CD of the circle 
ABC cut at E. 

It is reqd. to 'prove that the red. 
kE.£B=therect. CE . ED. 

Take 0 the centre of the circle, 
and draw OM, ON perjff to AB, CD 
respectively. 

Join OB, OC, QE. 

OM is perpi to AB, 

AB is bisected at M. (III. 1.) 

The rect. AE . EB = (AM - EM)(BM -F EM) 

= (BM-EM)(BM-FEM) 

=BM2-EM2 

=(OB® - OM®) - (OE® - OM®), for it M is a rt. 4, 
=0B®-0E®. 

In the same way, 

the rect. CE . ED=0C®-0E®=0B®-0E®. 

the rect. AE . EB=the rect. CE . ED. Q.E.D. 
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Conversdy, if the red. AE . EB=(Ae red. CE . ED, the pts. A, B, 
C, D viiU he concyclic. 

If the circle through the pts. A, C, D 
does not pass through 6, let it cut AB 
again at F. 

Then, by the first part of the prop., 
rcct. AE . EF = rect. CE . ED 
=rect. AE . EB ; 

Given. 

EF = EB, which is impossible; 

.’. the circle through A, C, D must also pass through the pt. B, 
i.e. the pts. A, B, C, D are concyclic. q.e.d. 

CoKOLLAKY. The rectanylee contained hy the segments of aU 
chords of a circle which pass through a given point within it are equal 
to one another, and egual to the difference of the squares on the radius 
of the circle and the distance of the given point from the centre. 

This OE®~r^ is called the power of the point E with respect 
to the circle here. 'In Prop. 12 it is the power of 0. 

Note.— See also V. 10. 



Proposition 12. Theorem. 

If from any point without a circle a secant and a tangent are drawn 
to the circle, the rectangle contained by the whole secant and its 
segment external to the circle is equal to 
the square on the tangent. O 

Let 0 be a pt. without the circle 
ABC, and let OAB be a secant, and OC 
k tangent to the circle. 

It is reqd. to prove that the red. 

OA. OB=the sq. on Oc! 

Take E the centre of the circle, and 
draw EN perpr to AB. 

Join CE, AE, OE. 

EN is perp" to AB ; 

AB is bisected at N; 

(III. 3.) 
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The rect. OA. OB=(ON - AN)(ON + BN) 

= (ON-AN)(ON+AN) 

= 0N2-AN2 

= (0E2-EN2)-(EA2-EN2), for ^N is a rt. a, 

= 0E2-EA2 
= OE2-EC2 

= 00^, for OC is afart.’^s to the rad. CE. 

Q.E.D. 

COROLIARY. If from any point without a circU any nuiiibcr 
of secants are drawn to the circle, the rectaiujles corttaimd by the 
whale secants and their segments external to the circle are all equal. 

This follows at once from the fact that each rect. is equal to 
the sq. on the tangent drawn from the given pt. 

Note.—F rom this corollary and IV. 11 we see that: 

If through any given point within or without a circle chords are 
drawn, the rectangles contained by their segments are equal. 

Note.—S ee also V. 11. 


PrOROSITION 13. TitEOREM. 

If from any point without a circle two straight lines are drawn, 
one of which cuts the circle, and the 
other meets it, and if the rectangle 
contained by the whole secant and its 
segment external to the circle is equal 
la the square on the line which meets 
the cirde, that line is a tangent. 

Let ABC he a circle, and from 
the point 0 without it let there be 
drawn the secant OAB, and the str. 
line OC to meet the circle at C, so 
that the rect. OA . 08=0C®. 

It is reqd. to prove that OC is a tan¬ 
gent to the circU. 

Let 8D be a tangent to the circle. 

Tdke E the centre, and join EC, EO, ED. 

Then OC® =the rect. OA . OB 

=0D®, for OD is a tangent; 

0C=0D. 



• Given. 
(IV. 12.) 
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Then in the As OEC, OED, (1) OC=OD, 

(2) EC = ED, 

(3) OE is common; 

z.OCE = aOOE (1.13.) 

=a rt. angle, for OD is a tangent. 

.'. OC is a tangent to the circle ABC. (III. 14.) 

' Q.E.D. 


EXERCISES. 

1. AB, CD, two chords of a circle, cut at O so that AO=3, BO=6, 

and CO=7 inches: find the length of OD. XLVII. 1. 

2. AOB is a chord of a circle whoso centre is D. AO=3, BO=7, 

and DO=2 inches: find the length of the radius of the circle. What 
does your result prove as to the position of D ? XIjVII. 2. 

3. AOB, COD are chorda of a circle. AO=2, BO = 10, and CD=9 

inches. Ifind the lengths of DO and CO. XLVII. 3. 

4. The straight lines OAB, OCD meet a circle at . A, B, C, and D. 
OA=5, OC=7, and CC),=3 inches. Find the length of AB. XLVII. 4. 

5. OAB is a straight line,such that OA=4, and AB=6 inches. Find 

the length of the tangent drawn from 0 to a circle through the points 
AandB. XLVII. 6. 

6. The straight line OAB meets the circle whose centre is D at A 

and B. OA=4, AB=6, and OD=8 centimetres: find, correct to two 
decimal places, the length of the radius of the circle. XLVII. 6. 

7. OAB and OC are two straight lines making an angle of 45 degrees. 

Draw them making OA=AB=4 cm. With a centre on the same side 
of AB as the point C, describe a circle of radius 4 cm. passing through 
A and B. Measure its intercept on the line OC. XLVII. 7. 

8. OAB is a straight lino such that OA=6 and AB=4 cm. A circle, 

centre D, is described passing through A and B, OD being 8 cm. long. 
FKid th%diatance of the point D from the chord AB. XLVIL 8. 

9. A brick 4 inches thick is placed to block the wheel of a cart; the 

face of the brick is 12 inches from the point of contact of the wheel with 
the ground. Find the radius of the wheel. XLVII. 9. 

10. If two circles intersect, their tommon chord produced bisects 
their common tangents. XL'VII. 10. . 

ll! If two circles intersect, the tangents drawn to the oiroles from 
any point in their common chord produced arc equal. XLVII. 11. 

12. Use IV. 12 to prove that tangents drawn to a circle from an 
external point are equal. XLAfIL 12. 
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13. ABC is a fixed straight line: find the locus of the points of 

contact of tangents drawn from C to circles which pass through A and B, 
which are fixed points. XLVII. 13. 

14. From an external point straight lines are drawn to the circum¬ 
ference of a circle: find the locus of their middle points. XLVII. 14. 

15. From an external point A tangents AB, AC are drawn' to the 
circle whose centre is 0 ; if OA meets the chord of contact at D, prove 
that the rectangle OA. OD is equal to the s'quare on the radius. 

XLVII. 15. 

16. Prove IV. 11 when one of tlie chords is at right angles to the 

other. XLVII. 16. 

17. ABC is a straight lino such that AB=a and BC—6. On AB as 

diameter a circle is described, and from C a secant CDE is drawn such 
that DE=c; prove that the length CD may bo obtained from the 
equation x^+cx-b{a+b)r- 0. XLVII. 17. 

18. ABC is a triangle such that AB—BC. A circle, which passes 

through A and touches BC at its middle jioint, cuts AB at E. Show 
that AE is equal to tlEB. XLVII. 18. 

19. A straight line AB is divided at any point C; on AC as diameter 
is described a circle of which any chord AP is* drawn. Show that if 
AP is produced to Q so that the I'cctar.’gle AP. AQ is equal to the 
rectangle AB. AC, the point Q lies on a fixed straight line. XVLII. 19. 

20. A circle is described so as to pass through the angular points 

A, 6 of a square ABCD and the middle point of the side CD. If it cuts 
DA at O, prove that DA-4. DO, XLVII. 20, 

21. If two chords of a circle cut one another, the difference of their 

squares is equal to the diffcicnce of the squares of the differences of 
their segments. ^ XLVII. 21, 

22. ABC is a triangle; AP, BO drawn perpendicular to the opposite 

sides intersect in 0; prove that the rectangle AO. OP equals the 
rectangle BO. 00- XLVII. 22. 

23. Two fixed parallel chords of a fixed circle are out by a third 

chord so that the rectangles contained by the segments of the parallel 
chords are equal. Show that the nfiddle point of the third chord lies 
upon a fixed straight line. XLVII. 23. 

24. ABCD is a straight lino divided so that AB-CD, and circles 

described with centres B and C at the distances BA, CD respectively, 
intersect in £. Show that AE touches the circle passing through the 
points B,D.E. XLm 24. 

2^. If three circle? out one another their three common chords are 
eonourrent. XLVIL 25« 

„ fiwu , ■ at 
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Proposition 14. Theorem. 

The difference of the squares on two sides of a triamjle is equal 
to twice the rectangle contained hy the base and the distance of its 
middle point from the perpendicular on it from the vertex. 

Let ABC be a A, D the mid. pt. of its 
base BC, and AE the perpi from the 
vertex to the biise. 

The diff. of the sqs. on AB and AC will 
be equal to twice the rect. BC . DE. 

The AS at E arc rt. As ; 

AB®~AC2 = (BE2 + AE2)~{AE2 + EC2) 

=BE2~EC2 
= (BE~EC){BE + EC) 

= 2BC. DE (forBE=BD + DE and EC = CD~DE). 

A point moves so that the difference of the squares on its dis¬ 
tances from two given fixed points is constant. To prove that 
the locus of the point is a straight line perpendicular to the line 
joining the fixed points. 

(Use the preceding.) 

Note.— AB*-AC“— AB*- ACb if AB is gr. than AC 
= AC* - AB*, if AC ia gr. than AB. 



Proposition 15. Problem. 
ffo describe a square equal to a given rectangle. 

Draw AB, BC in the same str. line 
and equal to the sides of thq given 
rect. 

On AC as diami describe the spmi- 
circlo ADC. 

At B draw BD perpr to AC to meet 
the cirqle at D. 

If O is the centre of the circle, join OD. 

The sq. on BD is the sq. reqd. 



A ^ 03E B C 
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Let r=tlie rad. of the circle, and OB=a:. 

Rect. AB. BC = (r+ x)(r - x) 

= OD2-OB2 

= BD'*, for iOBD is a rt. A ; 
.'. the sq. on BO is-the sq. reqd. 


I«7 


IMPOETANT.—We have hero proved that: 

If from any point on a circle a perpendicular be drawn to a 
diameter, the square on the perpendicular is equal to the rectangle 
contained by the segments of the diameter. 


Proposition 16. Problem. 

To describe a square equal in area to a given rectilriieal figure. 



It js reqd. to describe a sq. (qual in area to the fig. ABODE. 
Reduce the fig. ABODE to an equal A DFQ. (II. 21.) 

Draw DH perjA to the base FG, and bisect it at K. , * 

In FQ product, make GL equal to HK, and bisect FL at 0. 

With centre 0 and rad. OF, or OL, describe a semi-circle 
FPL, and draw GP || to DH {i.e. perpi to FL) to meet the circle at P. 
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The sq. on PQ is equal in area to the jig. ABODE. 

Join OP. 

PG* = OP®-OG^ for PGO is a rt. A, 

=OL“-OG2 
= (OL + OG)(OL-OG) 

= (OF + OG)GL, for FL is bisected at O, 

= rect. FQ . 6L, 

= J rect. FG . DH, for GL = iDH, 

= ADFG 
= fig. ABODE. 

the sq. on PG is the sq. reqd. 

[Y.E.—^All the lines of construction ore shown in the diagram.] 


Pboposition 17. Pkoblem. 

To divide a given stiaight line into two parts, so that the rectangle 
contained by the whole and a.ie part may he equal to the square on the 
other part. 

A straight line divided in this manner is said to be divided in 
Medial Section. 

{The learner will do well to study the following analysis of 
this problem. It will explain the construetion, and help him to 
remember it.] ' 

Analysis. If AB is a str. line, we have to divide it at E, so 
BA.AE=BE«.(1) 

I-et AB=(i and EB=®, so that AE=a-a;. 

Then, from (1), a{a-x)=x‘, 

i.e. s^+ax=a\ 

Solving this quadratic equation, we have x = ^^ —^ a. 

Neglect the negative sign, which would give a negative value 
of it. 
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This shows that we have to find a line of length — k , and 
hence we have the following constraction. " " 

Draw AC perp' to AB and equal q 

. AB . O T • 
to , t.e. 2 . Join BC, 

/>2 

BC2=AB2 + AC2=:a2+ , = 4 ; 

4 4 

.-.BO-f. 

To obtain we cut from CB a part CD equal to 

mi. » ^/6a o 

ThenBD=BC-2=-2 -2. 

From BA cut oft BE equal to BD. 

E is the point of division, for BE- g. 

The following may be used insteat\ of the preceding analysis, 
etc., if thought advisable. 


Construction and Proof of Proposition 17. 


If AB is the given line, draw AC perp' to AB and equal to ■ 

Join CB, and from it out oft CD equal to CA, 
and from BA „ BE equal to BD. 

Then the red. BA . AE wiU be equal to BE®. 

Proof. Lot AB=a and EB=x. 

By Pythagoras’Theorem, BC®iAB® +AC®, t.e. ^x+ 2 ) = 0 ®+^; 

. „ ' a® « o® 

.'. X®+0X + -j-=0® + x> 
i 4 


.'. x®+ox=«®; 

.'. x®=o®-flx=o(a-x); t.e. BE®=BA . AE. 
the str. line AB is divided as reqd. at the pt. E. 


b9( e 
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Alternative Proof op Proposition 17. 

AB.AE+AB.EB=AB2 (IV. 2.) 

=CB2-CA* 

= CD2 + DB* + 2.CD.0B-CA2 (IV. 4.) 

= CA2 + BE2 + AB.BE-CA2, 

for 2CD = AB and DB=BE, 

= BE2 + AB.BE. 

AB . AE = BE*, and AB is divided as reqd. 

EXERCISES. 

1. If a straight lino is divided as in IV. 17, prove that the squares 

on the whole line and one part are equal to three times the square on 

the other part. XLVIII. 1. 

2. If a straight lino is divided in medial section, the rectangle 

contained by the segments is equal to the rectangle contained by the 
sum and difference of the segments. XLVIII. 6. 

3. A straight line 3 inches long is divldoil internally in medial section; 
find, correct to two decimal places, the lengths of the segments. 

, XLVIII. 6. 

4. Find the lengths of the segments if the lino in the above example 

is divided externally in medial section. XLVIII. 7. 

Proposition 18. Problem. 

To describe an isosceles triangle having each of the angles at the base 
double of the third angle. 

Take any str. line AB and 
divide it at C so that the rect. 

AB . BC=AC* (Medial Section). 

With centres C and B, describe 
arcs of radius equal to CA, 
cut^ng at D. 

Then a6d is the A reqd. 

[N.B .—All the construction lines, 
are shown in the diagram.] 

BD*=BC . BA, by construction. . 

BD is a tangent to the 
circumwiircle of the AACD. (IV. 13.) 

fhe ABDC=the ACAD (in the alternate segment) 

=the ACDA (forCD=CA) ; 

.'. the ABDA=twice the ACAD. 
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Also the /.ABD = the /.BCD (for DB = DC) 

=the /.CAD+the /.CDA 
=twice the/.CAD. 

.'. ABD is the A reqd. 

Note.—I f n is the number of degrees in the /.A, 5ft is the number of 
degrees in the three La of the A. 

5«=18(l; 

n “36®» and eaoh of the angles at the base is 72°. 

Thus we see that this proposition enables us to draw goo metrically 
angles of 36° and 72°. 

. Al8onoticothatBD=AC = --2-AB; (IV. 17.) 

B^_n/6-I 
•• AB“ 2 ■ 


HXEBCISHS. 

1. The bisectors of the angles of a regular polygon are concurrent. 

• L. 1. 

(If Ay B, C be thpe consecutive angular; pts.y bisect the ^s A and B 
by AO and BO. Join CO. Then from the As OAB, OCB it is easUy 
proved that ABCO= ABAO—half the L of the regular polygon.) 

2. The bisectors of the angles of a regular polygon are all equal. L. 2. 

3. If a polygon inscribed in a circle is equilateral, it is also equiangular. 

L. 3. 

(Let AB, BC, CD be three consecutive sides of the polygon. The minor 
arcs AB, CD are equal; arc ABC=aro BCD ; aABC= ABCD.) 

4. To inscribe a circle in a given regular polygon. 

The bisectors of the angles all meet in one point (£x. 1). 

That one point is equally distant from all the sides. (I. 10.) 

the in-circle is the one whose centre is that point, agd whsse 
ra^us is the perpr from that point to any of the sides. 

6. To describe a circle about a givqn regular polygon. 

It has been proved that the bisectors of the As of a regular polygon 
meet in one point. , 

Let 0 be that point, and let A, B, C, D, etc., be the vortices. 

AOAB=balf the angle of the polygon = AOBA. 

OA=OB. 

Similarly OB =OC =OD, etc. 

\ /, the circle described with centre 0 and radius OA is the circum-circle 
required. 
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If a regular pentagon be inscribed in 
a circle, each of its sides subtends an 
angle at tbo centre of the circle equal 
to one^fifth of 4 rt. ^s, i.e. 72°. 

6. To describe a regular pentagon in a 
given circle. 

Let 0 bo the centre of the circle. T)raw 
radii OA, OB including an angle of 72°. 

(IV. 18.) 

Join AB. Draw chords BC. CD, etc. 
each equal to AB. 

The pentagon so formed can be proved to be regular. 

7. To describe a regular pentagon about a given circle. 




Let ABODE bo the given circle, O its centre. 

Make the L s AOB, BOC, etc., each equal to 72°, and so get five equal 
ar(«iAB,BC, CD, DE,EA. 

Draw mngonts FAM, MBH, etc. 

Inthe AsOBM,OBH, 

(1) the A MOB=the 1 HOB (halves of equals), 

(2) the 2.0BM=Z.0BH Jrt. As), 

(3) OB is common. 

M8=BH. 

Simfiarly each side of the polygon is bisected at its point of contact. 
' Again MA=MB (tangents) j 

MF=MH, and similarly for the other sides; 

.'. the figure is equilateral. 
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Moieover its angles must bo equal because they are the supplements 
of the equal angles at the centre. 

The same methods may be applied in the case of a regular polygon 
of n sides by using 360°/n instead of 72°. 

8. Inscribe a circle in a given regular pentagon. L. 9. 

9. Circumscribe a circle about a given regular pentagon. * L. 10. 

10. Inscribe a regular quindccagon in a given circle. L. 12. 

11. Describe a circle to pass through two given points and to touch * 
a given straight line. Show that there are generally two solutions. L. 13. 

{Analysis. Let A and B bo the given pts. and CD the given line; 
also let AB produced meet CO at E. Then if the roqd. circle touches 
CD at F, the root. EB. EA—EF*.) 

12. Describe a circle to pass through a given point and to touch 

two given straight lines. L. 14. 

{Analysis. Let AB, AC bo the given lines and D the given pt. The 
centres of all circles which touch AB and AC lie in AE the bisector of 
the angle BAC. Draw DF porpr to AE and produce it, making FQ 
equal to DF. Then, if O is the reqd. centre, OD=OG, i.e. the circle 
passes through G. The problem is now the same as the preceding.) 

13. Describe a circle to pass through two gi^n points and to touch 

a given circle. ^ L. 16. 

{Analysis. If the circle through the given pts. A and B touches the 
given circle at P, and the common tangent at P meets AB produced at 
0, OP*=tho rect. OA. OB. Hence draw any circle through A and B, 
cutting the given circle at C and D. Let CD and AB meet at 0. Fix>mO 
draw a tangent OP to the given circle. The circle through A, B, and P 
will be the reqd. circle.) 

14. Describe a circle to pass through a given point, to touch a dven 
straight line^ and to have its centre on another given straight line. L. 16. 

15. 0 is a given point in a given straight line; with a given centre 

P describe a circle, cutting the given straight line at A and B, so that 
the rectangle OA. OB may be equal to a given square. L. 17. 

(AruUym. If PN be perpr to OAB, OA. OB =ON” - AN® 

=OP®-AP‘.) 

16. Describe a circle to touch two given straight lines and a given 

circle. C. 18. 

(Let AB, AC be the given str., lines, and D the centre of the given 
circle. ,Xake D within the r.BAC, and suppose 0 the centre of the 
reqd. oirole touching AB and AC at B and C. Produce OB to E, and 
■OC to F, making BE=CF=the rad. of the raven oirole. Wothen 
see that OE =OF =OD; .'. 0 is the centre of a circle which passes 
through D and touches str. lines through E and F parallel to the pven 
Unea and at distances from them eqiuti to the rod. of the given oirole, 
Th« problem is now the same as No. 12 above.) 
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17. Use IV. 12 to make a square equal to a given rectangle. L. 19. 

18. Use IV. 12 to describe on a given straight line a rectangle equal 

to a given square. L. 20. 

19. Describe a circle passing through two given points and bisecting 

the circumference of a given circle. L. 21. 

20. Two circles cut a third circle but do not cut one another: find a 
point such that the tangents*from it to all three circles are equal. L. 22. 

21. Find a point 0 in the base BC of a triangle obtuse-angled ah A 
such that the square on AD is equal to the rectangle BD . DC. L. 23. 

22. A flagstaff of given height stands on a tower whose height is 

also g^ven. Find the distance from the foot of the tower of the point 
at wMch the flagstaff subtends the greatest angle. ll 24. 

23. Find a point in a given straight line produced so that the rectangle 

contained by the whole and the part produced is equal to a given 
square. ll 26. 

24. Find a point in a given straight line so that the rectangle contained 

by the two parts is equal to a given square. When is the problem 
impossible ? D. 26. 

25. In a circle of ratlius T'.'V cm. inscribe a triangle equiangular to 

a triangle whose sides are 3,*1, and 5 cm. long. Measure off and write 
down the lengths of the sides of the inscribed triangle. L. 27. 

26. In a given straight line AB find a point C such that the 

difference between the squares on AB and AC may bo equal to a given 
square. L. 28. 

27. ABC is a triangle inscribed in a circle: in the same circle 

inscribe a triangle whose sides are at right angles to the sides of the 
given triangle. . L. 29. 

28. In a given straight line AB a point C is Uken. Find a second 

point D in AB such tliat the sum of the rquares on AD» OB may be 
equal to the square on AC. Within what limits must C He in order 
th^ the problem may be possible ? L. 30. 

29. Divide a given straight line into two parts such that the 
rectangle contained by them shall be the greatest possible. L. 31. 

SO. If the lengths of the sides of a triangle are 10, 24» and 26 feet, 
find the length of the perpendicular* on the side of 26 feet from the 
opposite angle. * L. 32. 
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ORTHOGONAL CIRCLES. 


Definition. —^Whcn two circL 
the tangents at that point are 
said to cut one another ortho¬ 
gonally. 

Such circles are often called 
orthogonal circles. 

We see at once from the dia¬ 
gram that if two circles cut one 
another orthogonally, the sum of 
the squares on their radii is equal 
to the square on the line joining 
their centres; and, conversely, 
if the sum of the squares of the 
radii of two circles is equal to 
the square on the line joining 
their centres, the circles cut one 
another orthogonally. 


intersect at a point so that 
right angles, the circles are 



EXERCISES. 

1. If two circles cut one another orthogonally, the tangent to 

either circle at a point of intersection piisses througli the centre of 
the other circle, LI. 1. 

2. What is the locus of the centres of circles which cut a given 

circle orthogsnally at a given point ? LI. 2. 

3. Describe a circle passing through a given point and cutting a 

given circle orthogonally at a given [mint. LI. 3. 

4. In a right-angled triangle ’ABC, AD is drawn perpieidicnldr 

to the hypotenuse BC; prove that the circuni-ctrcles of the triangles 
ABD. ACD cut orthogonally. , LI. 4. 

S> From a point P, without a circle, PA is drawn to touch it in A, 
and PBQ to cut it in B and C. PVove that any circle through B and C 
cuts at right angles tho circle whose centre is P, and radius PA. LI. 6. 

• 

6* If C be the centre of a circle, and T any external point, and if 
the line joining the points of contact of the tangents drawn from T 
meet CT in U ; prove that any circle which passes through T and U 
puts the first circle at right angles. LI. 6. 



‘176 


SCHOOL-aEOMETRY. 


RADICAL AXIS OP TWO CIRCLES. 

The locus of a point which moves so that the tangents drawn from 
it to two given fixed circles are equal, is a straight line perpendicular 
to the line of centres of the circles. 



( 11 . 16 .) 


Let the tangents CD, CE, drawn to the circles whose centres 
are A and^ B, ho equal. Join AD, AC, AB, BC, BE. 

Draw CF at rt. La to AB. 

CD2=CE*; 

.'. since the angles at D and E are right Ls, 

CA“-AD“ = C82-BE2; 
i.e. CA*-CB2 = AD‘-BEA 
But AD^-BE^ is constant; 

CA* - CB* iq constant. 

But since the 4s at F are rt. Ls, 

CA2 - CB« = (AF2 + CF2) - (BF!* + CF®) 

=AF®-BF® 

= (AF + FB)(AF-FB); 
i.e. (AF + FB)(AF-FB) is constant. 
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But AF+FB is constant; AF - FB is constant; ' 

F is a fixed point; 

the locus of C is a str. line perp' to AB. q.e.d. 

C 



If the circles cut one another, the locus is the common secant 
PQ, for CD* = CP . CQ = CE*. (IV. 12.) 

Definition..— The locus of a point such that the tangents 
drawn from it to two fixed circles are equal.is called the radical 
axis of the circles. ■, 



Thei radical axes of three circles taken in pairs are concurrerU. 
Let EO be the radical axis of the circles C and A, and DO that 
of Ijhe circles B and C. 
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The pt. 0 will be found to be without or within all the 
circles. 

(1) When O is without all the circles. ’ 

Draw OG, OH, OK tangents to the circles A, 8, C respectively. 
8ince_ 0 is a pt. on the radical axis of the circles C and A, 

00 = OK. 

In the same way, OH =0K ; 

OG = OH; 

0 is a pt. on the radical axis of the circles A and B ; 
i.e. the three radical axes of the circles are concurrent. 

(2) In the case when the pt. O 

lies within all the circles, with 
the accompanying diagram, 
let HOK be the common chd. of 
the circles A and B, DOE the 
common chd. of the circles A 
and C. , 

Let the circles B and C meet 
at F, and lot FO produced meet 
the circle B in G, and the circle 
C in G'. • 

DE, HK are chds. of the circle 
A; OD . OE = OH . OK. 

(IV. 11.) 

HK, FG are chds. of the circle 
B; OH .OK = OF.OG. 

DE, FG' are chds. of the circle 
C; OD.OE = OF.OQ'; 

OF.OG=OF.OG'; 

OG = OG'; 

t.e. G and G' coincide at the other common pt. of the circles B and C; 
the radicr.l axes of the three circles are concurrent. 

IJ.E.D. 
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Definition. —The point of intersection of the radical axes 
of three circles is called their radical centre. 

To draw the radical axis of hco given eircks. 

(1) When the circles cut one another, the radical axis is their 
common chord. 



(2) When the circles do not intersect, describe a third circle 
cutting the given circles in C, D, E, F. •< 

Let CD and FE meet at G. ' 

The str. lino through 6 perp' to the line of centres AB will be 
the radical axis. 

The sq. on the tangent from G to the circle A 
=GD. GO=GE. GF=the sq. on the tangent from G to the circle B ; 

.'. G is a pt. on the radical axis ; 

.'. GH dfawn perpr to the line of centres AB is the radical axis 
reqd. 


EXERCISES. 

On the Radical Axis of two Circles. 

1. The radical axis of two circles bisects their common tangents. 

Lll. 1, 

2. If tangents are drawn to,two circles from any point in their 

radical,axis, and a circle is described with this point as centre 
and either of the tangents as radius, it will cut the given circles 
orthogonally: BII. 2. 

» • 

3. Besoribe a cirole to out three given circles orthogonally. LII. 3. 

(Use the preceding exercises.) 
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4. The common tangents to three oiroles which touch one another, 
two and two, moot at a point. LII. 4. 

6. Describe a circle cutting a given circle orthogonally anfl passing 
through two given points. IJI. 6. 

6. pesoribo a circle cutting two given circles orthogonally and 
passing through a given point. LII. 6. 



BOOK V 

ON RATIO AND PROPORTION 

Befobb reading Book V., the student must be acquainted with 
the algebraical treatment of ratio and proportion, to be found 
in any Elementary Algebra. 

In particular he must be familiar with the following; 

1 . We can only find the ratio of two quantities when they are 

of the same kind. ^ 

For example, we cannot compare, in magnitude feet with 
gallons, or pence with pints. Nor can we compare feet with 
square feet. 

2 . In the ratio a:b, a and b are called the terms of the ratio, 
a being the antecedent, and b the consequent. 

3 . Four magnitudes are said to be in proportion when the ratio 
of the first to the second is equal to the ratio of the third to the 
fourth. 

Thus if a; 6 = c :d, i.e. if 5=^' <''< ^ *" proportion. 

Here d is said to be a fourth proportional to a, b, and c. 

4 . If a, b, c, d are in proportion, ad=bc, or the produot of the 
extremes is equal to the product of the means, 

6. Magnitudes of the same hind are said to be in continued 
proportion when the ratio of the first to the second, of the second 
to tie third, of the third to the fourth, and so on, are all equal. 

Tbps if o, 6, c, d, e, f are in continued proportion, 

a b_c_d e 
b 0 d e f‘ 

S.Q. 181 
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The particular case when there are three magnitudes is impor¬ 
tant, i.e. when ? = -. 

b c 

We have then ac-V, and b is said to be a mean proportional 
between a and c, and c is a third proportional to a and b. 

6. When three magnitudes are proporlioml, the first is to the 
third as the square of the first, is to the square of the second, or as 
the square of the second is to the square of the third. 

Thus if T = -, ac = td', 

be 

■ ■ c ac Id' 

The ratio of a* to b- is called the duplicate ratio of a to b. 

Thus, when three magnitwles are -proportional, the first is said 
to have to the third the duplicate ratio of the first to the second. 

7. Two ratios are said to be reciprocal when the anteceilent of the 
first is the conseguent of the second, and the consequent of the first 
is the antecedent of thetsecoiul. 

Thus j is tlic reciprocal bf ^ , or a : 6 the reciprocal of 6 : o. 

8. If four quantities arc proportional, the antecedents are said 
to be corre3|)onding, or homologous terms; so also are the 
consequents. 

Thus if ^=^1 a and c are corrcs]jonding terms; so also are 
b and d. 

9. If four magnitudes are proportional, 

(1) they are also proporlioml when taken alternately. (Alter- 
nando.), 

Thus if j = 3, then 

b d c^ d 

(2) They are proportional when taken inversdy, i.e. if 7=3, 

then , " ® 

b_d 

a~ c' 

(3) Addendo. With any number of equal ratios of magr^udes 
of the same hind, the sum of the antecedents is to the sum of the 
consequents as any antecedent is to its consequent. 
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If = ? then 
oaf 

a+c ace j a+c+e ace 
b+d~b~d~f' b+d+f~b~d~f 

(4) Componendo. If four magniludes are proportional, the 
sum of the first and second is to the sefond as the sum of the third 
and fourth is to the fourth. ’ 

If“=|,then 

a + h c+d ra ,c ^ a^-h _c-t-dr\ 

[ 6 '^ <«■' ’ 

(6) Dividendo. If four magnitwles are proportional, the 
difference of the first and second is to the second as the difference 
of'he third and fourth is to the fourth. 

If? = 5 , then 
h d 

a-b _c~d fa , c ^ <f-b_c-d'\ 

. Lr Hi" “ rj- 

10. With any number of magnitudes of the same kiyd, the first 
is said to have to the last the ratio compounded of the ratios of the 
first to the second, of the second to the third, of the third to the fourth, 
and so on to the last magnitude. 

Thus with three magnitudes a, b, c, 

~ = {he tatio compounded of ? and -, i.e. 
c be c b c 

In the same way with four magnitudes a, b, c, d, 
a a b’ c 
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DEFINITIONS. 


1. Two rectilineal figures are said to be equiangular when the 
angles of the first, taken in order, are respectively equal to the 
angles of the second, taken in order. 


2. Rectilineal figures are said to be similar when they are 
equiangular to one another and have their sides about the equal 
angles taken in order proportionals. 




Thus the polygons ABODE, FGHKL are similar if the As at 
A, B, C, D, E are respectively equal to the z.s at F, G, H, K, L, and 

, * .. AB BC CD DE EA , 

if also the ratios, are equal to one 


FQ ’ GH ’ HK ’ KL ’ LF 


another. 


3. In similar rectilineal figures, the angles which are equal to 
one another are said to bo corresponding angles; and, the sides 
which are adjacent to corresponding angles at both'ends are said 
to be corresponding, or homologous sides. 

Thus in the above diagram, AE and FL are oorresTOuding or 
hoKologqus sides; for AE is adj. U^the /.s A and E, and FL is adj. 
to the corresponding L&F and L. 


4. If two similar rectilineal figures have their corres^nding, 
or homologous sides parallel and drawn in the same direction, 
they are said to be similarly situated. 

6. Two rectilineal figures which have their sides about an angle' 
in each proportional in such a manner that a side of'the first is 
tp a side of the second as the remaining side of the second Is to . 
the remaining side of the first, arc said to have their sides about* 
those angles reciprocally proportional. 
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Application of paragraph 4, p. 181, to Geometry. 

If four straight lines are proportional, the rectangle contained 
by the extretnes is equal to me rectangle contained by the means. 
.Conversely, if the rectangle contained by the extremes is equal to 
the rectangle contained by the means, the four straight lines are 
proportional. 


X d 

X 

a 

c 

b 

y 


If a, b, c, d represent straight lines and 


a c 
b"d' 


then the reot. a. d = the rect. b. c. 


Let a: be a rect. whose sides are a and d in length, 
and y „ „ „ b and c« „ 

Arrange the rects. so that a and It are in the same str. line ; 
c and d will then he in a str. line. 


Let z represent the reot. whoso sides are b and d. 
Then, from the figure, 

X _ad _a 
z~bd"b’ 


y_cb _c_a, 

2 db d b' 

x = y, i.e. ad = be. 


Given. 


Conversely, ifod=ic. 


a c 
b"‘d' 

f 

ad=bc ; 


ad _fbc . a c 
bd~bd’ b~d' 


Given. 

Q.E.D. 
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Proposition 1. Theorem. 

The areas of triangles {or paraUdogranis) of equal altitudes are 
to om another as their bases. 



(a) Let ABC, DEF be two As of equal altitudes CM, FN. 
, A ABC AB 


It is reqd. to prove that 


ADEF DE 


The area of a A is measured by half the product of the measures 
of the lengths of its base and altitude (II. II.). 


. A ABC Jab. CM 
•• A DEF ~ I BE . FN 


AB 

DE 


for CM =FN by hyp. 


(6) Let ABCK, DEFG be two parallelograms of equal altitudes 
CM . FN. 


par™ ABCK 


AB 

'de ■ 


It is reqd. to prove that __ 

^ ‘ par™ DEFG 

The area of a par™ is measured by the product of the measures 
of the lengths of its base and altitude. 


. par™ ABCK 
par™ DEFG 


AB.CM 
DE . FN 


= pg , for CM =FN by fiyp. 


Q.E.D. 


Qorollarv. Triangles, or parallelogram.s, on equal bases are 
to one anbther as their altitudes. ' 

This is proved in the same way as the proposition. 


INCOMMENSURABLE MAGNITUDES. 

The student is strongly recommended to defer the stddy of 
incommensurable magnitudes until he has thoroughly mastered 
all the propositions for commensurable magnitudes. 

Proofs for Incommensurables will be found at the end of 
Book V. 
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The ratio of two quantities cannot always he expressed by the 
ratio of two whole numbers. Thus the ratio of the diagonal of 

a square to one of its sides is and wo cannot find any 
fraction exactly equal to Ji. 


Definition.— Magnitudes whose ratio cannot be exactly 
expressed by the ratio of two wliolc numbers are said to be 
incommensurable. * 

Although we cannot determine the ratio of two incommensurable 
magnitudes exactly, we can do so to any required degree of 
approximation. 


Thus by calculating the value of n/ 2 to any required number 
of decimal places, we can obtain, as nearly as we please, the value 
In 

of the ratio . 


Thus 


Also ^ 


and 


v/2 1-41 Ml, , , , 

j- = -j “Joy I'® 1''^° places. 

^/2 1-414 1414, ^ , 

_ to three Uec. places, 

1 1 lUUU I 

v/2 1-41421 141421 , „ , 

T = - r ~ = 100000 


and so on. 

Thus in a rect. whose adjacent sides are -Ji and VS, 
s/2 X s/3 (=s/6) may be taken as a measure of its area. We 
cannot determine the exact value of s/S, but by calculating s^6 
to any numtier of dec. places, we can determine its,value to any 
reqd. degree of approximation. 

In dealing with incommensurable straight lines the following 
plan may be adopted. . ___ « . 

Let AB, CD be two incom- A A, A^ A^ A„„ B 

mensurable str. lines. Divide . . , , 

AB into any number (n) of C C, Cj C 3 C^D 

equal parts, AAj, AjAj... A„..i 8 . 

Afong CD set off parts CCj, Cfi .^... each equal to A^^ ■ and 
let C, be-the pt. Rf division nearest to D, so that C„D is l^s than 
AAj. Then 

AB n. AAj n 

CCfi~p.CCi~p' 
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By increasing n indefinitely we can make C,D as small'as we 
plrase, 

i.e. we can make CC, (a magnitude commensurable with AB) 
diffey as little as wo please from CD (which is incommensurable 
with AB). 

• 

we can make the ratio differ as little as we please 

from the ratio . • 

CD 

In other words, by making our unit of measurement indefinitely • 
small, we can make the ratio of two incommensurable str. lines 
differ as little as wc please from the ratio of two commensurable 
str. lines. 

Hence, by looking upon the unit of measurement as being 
indefinitely small, a ratio of two incommensurable str. lines may 
be treated in the same way as the ratio of two commensurable 
str. lines. 


Propositjon 2. Theorem. 

a straight line is drawn parallel to one side of a triangle, it cuts 
the other sides, or those sides produced, proportionally. 

Conversely, if the sides, or tlte sides produced, are cut proportion¬ 
ally, the straight line joining the points of section is parallel to the 
remaining side of the triangle. 



D E B, C' 


(1) I-et pE be drawn par' to BC, one of the sides of the AABC 
It is reqd. to prove that ^• 
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Join BE, DC. 
AD AADE 


DB’^ADBE 

AADE 


A DOE 
between Us, 
AE 


, for As ADE, DBE are of the same altitude, 

(V. 1.) 

, for As DBE, DOE are on the same base and 
(II. 11, Cor. 2.) 


= — , for As ADE, DOE are of the same altitude. (V. 1.) 

(2) Let —=—. 

> DB EC 

It i$ reqd. to prove that DE is || to BC. 

= ^, for A DBE, ADE are of the same altitude, (V. 1.) 

_CE 
EA’ 


Given. 


= , for As CDE, ADE are of the same altitude; 

AADE’ » /y jj 

ADBE = ACDE,« 

and they are on the same base and on the same side of it; 

DE is II to BC. ‘(II. 13.) 

Q.E.D. 


Cor. 1. If a str. line parallel to the base BC of a A ABC oat the 
sides AB, AC in D and E, 


By the above prop.. 


componendo. 


t.e. 


AB 

AC 

AO 

AE' 

AD 

•AE, 

DB 

EC’ 

DB 

eC 

•• ^ 

■;ae’ 

OB + AD 

EC + AE 

AD 

AE 

AB 

AC 

AD 

“AE' 
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Conversely, if D, E be pts. in the sides AB, AC 0 / a A, so that 
AB AC 

, then OE is || to BC. 


For, dividendo, 

i.e. 


AB-AD AC-AE 
AD “ AE 
BD CE 

•da“ea’ 


DE is II to BC. 


CoK. 2. Transversals are divided 
proportunudhj by parallel straight 
lines. 

Let ABCD, EFHK be cut by || str. 
lines as shown in the diagram. 

Draw AMNP |1 to EFHK as shown. 
The figs. AF, MH, NK are par™. 

. AB AB BC BC 
• • -St =rr« =.... =pr., iino so on. 



, EXEBCISES. 

1. The four triangles into which a quadrilateral is divided by its 

diagonals are proportional. LIII. 1. 

2. The diagonals of a trapezium cut one another proportionally. 

LIII. 2. 

3. From any point in the base of a tiianglo straight lines are drawn 

parallel to the sides. Find the locus of the intersection of the diagonals 
of the parallelogram so formed. LIII. 3. 

* 4. ^ove, as in Proposition 2, that the line joining the middle points 
of two sides of a triangle is parallel to the base and is equal to one half 
of the base. UH. 4 

5. Three parallel straight lines intercept on any other two straight 

lines portions which are proportional to one another. LIII. 6 . 

6 . From a point E in the common base of tyro.triangles ACB, ADB. 

Btrdlght lines are drawn parallel to AC, AD, meeting BC, BD at F and Q: 
prove that FG is parallel to CD. i,III., 6 . 

7. Through a point P within the angle ABC, draw a straight line 

APC so that AP = PC. LIII. 7. 
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8 . From a given point D in the side AB of the triangle ABC^ draw 

a strmght line to meet AC produced so tliat it is bisected by BC. 
(Draw DE,para!Iel to BC to meet AC at E; in AC produced take CF=CE. 
DF will 1^ the reqd. line.) LIIL 8. 

9. A straight line drawn parallel to BC, one of the sides of the 

triangle ABC, meets AB at D and AC at E; if BE and CD meet at F, 
then the triangle ADF is equal to the triangle AEF. LIII. 9. 

10. If from a point O in the base of a triaiigle ABC, OM and ON 

are drawn parallel to the sides AB, AC res|)ectivcly, then the area of 
the triangle OMN is a mean proportional between the areas of the 
triangles BNO and CMO. LIII. 10. 

11. In the sides AC, AB of a triangle points D, E are taken such 

that BE is to EA as AD is to DC as 1 is to 2; compare the areas of the 
triangles BED, CED. LIII. 11. 

12. ABC is a straight line bisected in B. DE, FG are any lines parallel 

to ABC, FG lying between DE and ABC. DA, DB, EB, EC meet 
FG in F, H, K, G respectively: and tlie sum of FH and KG is equal 
to HK. Prove that AH, CK meet on DE. LIII. 12. 

13. Equal lengths AK, CL are marked off qp the diagonal of the 
parallelogram ABCD, and DK, DL, when produced, ctit the sides AB, 
BC in F, Q respectively. Show that FG is’parallel to AC. LIII. 13. 

14. Straight lines AOB, COD intersect at O, and 

AO: OB :: CO : OD ; 

if P, Q. are the middle points of AB, CD, prove that PQ is parallel to 
AC and BD. LIII. 14. 

15. In a »parallelogram, cither of the complements is a mean 
proportional between the two pwallclogi ams about the diameter. 

LIIL 16. 

16. Prove by V. 1, that the medians of a triangle are conciurent. 

^III. M. 

17. ABCD is a parallelogram, and E a point in AD such that AE k 

to ED as 1 is to 2: prove that the triangle ABE is one-sixth of the 
whole parallelogram. LIII. 17. 

> 

18. E«is a point in the diagonal BD of the parallelogram ABCD such 

that BE is to ED as ^ is to 3: prove that the trian^e AED is to the 
parallelograiff as 3 is to 14. LIH. 18. 
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Proposition 3. Theorem. 

If the vertical angle of a triangle is bisect^ hy a straight line which 
cuts the base, the segments of the base are to one another in the same 
ratio Us the other sides of the triangle. 

Conversely, if the base is divided internally so that its segments are 
to one another in the same ratio as the adjacent sides of the triangle, 
the straight line drawn from the vertex to the point of section bisects the 
vertical angle. 


(1) Let AD bisect the vertical aA of 
the A ABC and cut the base in D. 

A 

It is reqd. to prove that 


BD BA , 

^ / \ 

DC “AC ■ 

/ \ 

DrawDE perp' to AC and DF pcrp' / 


to AB. , 1 

DE = DF, for D lies on the bisector of “ 
the ABAC. • 

D C 

A DAB BA , 

.. ^» sJiice the altitudes DF, DE arc equal. 

„ ^ • ADAB BD 

ADAC DC’ 

(V. 1.) 

. BA_BD 


■■ AC "be’ 

Q.E.D. 

(2) Let^=®^ 

*/f is Ibqd. to prove that AD bisects the ABAC. 


BA BD ADAB ... . 

AC ° DC ~ A BAG ’ 


|DF.AB. * 

“Ide.ac’ 

.-. DF = DE, 

i.e. AD bisects the ABAC. 


Q.E.D. .. 
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Pboposition 4. Theorem. 

If the exterior vertical aru/le of a triangle is bisected by a straight 
line which cuts the base produced, the external segments of the 
base are to one another in the same ratio as the other sides of 
the triangle. 

Conversely, if the external segments of the base have to one 
another the same ratio as the other sides of the triangle, the straight 
line drawn from the vertex to the point of section bisects the exterior 
vertical angle. 


D 



(1) Let the side BA of the A ABC be produced to» D, and 
let AE bisect the ext. a CAD and meet the base BC produced 
at E. 

It IS reqd. to prove that gQ=^- 

Draw EF per^' to BD and EQ perp'' to AC. 

EF = EQ, for E lies on the bisector of the ACAD. 

• ■ theliltitudes EF, EG are equal 


ABAE 

ACAp“CE’ 


. BE^^ 

•• CE~AC' 


(J.E.D. 
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(2) Let 


BE_BA 
EC "AC 


It is reqd. to prove that AE bisects the Z.CAD. 

BA BE ABAE , 

. for these As have the same alt., 
AC EC ACAE’ ’ 

JBA. EF 

" IQA.EG’ 

EF=-EG, 

i.e. AE bisects the A CAD. Q.E.0. 


Note.—P rupositiuus 3 and 4 may be included under one enunciation as 
follows: IJ the interior or exterior vertical ai^le of a triangle is bisected by 
a straight line which also cuts the base, the. base, is divided internally or externally 
into segments which are proportwnal to the sides ; and conversely. 


EXERCISES. 

1. If a straight line bisects both the vertical angle and the base 

of a triangle, the triangle is isosceles. LIV. 1. 

2. ABC is a triangle whose base BC is bisected at D; the angles 

ADB, ADC are bisect^l by DE, DF meeting at AB, AC at E, F. Prove 
that EF is parallel to BC. , LIV. 2. 

3. Employ Proposition 3 to prove that the bisectors of the angles 

of a triangle are concurrent. LIV. 3. 

4. If ’O is the centre of the inscribed circle of the triangle ABC, 

and AO produced meets BC at D, prove that AO is to OD as the sum 
of AB and AC is to the base BC. LIV. 4. 

5. If the bisectors of the angles A and C of the quadrilateral ABCD 

meet on BD, prove that the bisectors of the angles B and D meet 
on AC. LIV. 6. 

6. CD is a chord of a circle at right angles to a diameter AB. Through 

E any point in CD, AE, BE are drawn to meet the circle in F and Q. 
Prove that the quadrilateral CFDG has any two of its adjacent sides 
in the same ratio as the other two., LIV. 6. 

7. One circle touches another internally at 0. A straight line 

touches the inner circle at C, and meets the outer one at A and B: prove 
that OA is to OB as AC is to CB. * LIV. 7. 

8. Provo that the radius of the circle inscribed in any isosceles 

triangle has the same ratio to the perpendicular altitude as<the base 
of the triangle has to its perimeter. t LIV. 8. 

§. BD is the perpendicular let fall from one end of the ba^ upon 
the straight lino bisecting the vertical angle BAC of a triangle. If AB 
be three times as long as AC, prove that AO will be bisected at thojtoint 
where it outs the base. LIV. 0. 
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10. A point E is taken, in AB the side of a square ABCD suoh that 
BE is to EA as 3 is to 4, and F is taken in AO such that AF is to FD as 
2 is to 5., Find the ratio in which EF is cut by the diagonal AC. 

LIV. 10. 

11. The angle A of a triangle ABC is bisected by AD, which cuts 

the base at D, and 0 is the middle point of BC ; show that OD, bears 
the same ratio to OB that the diff<jn^nc,e of the sides bears to their 
sum. ^ LIV, 11. 

12. The bisector of the vertical angle of a triangle and the bisectors 

of the exterior angles at the base are concurrent. LV. 1. 

13. From P any point on a circle of diameter AB, PC and PD are 

drawn equally inclined to AP on opjxwito sides of it and meeting AB 
at C and D. Prove that AC is t(> CB as AD is to BD. LV. 2. 

(Prove that PA, PB bisect interior and exterior angles of the triangle 
CPD.) 

14. On a given base AB a triangle APB is described whose sides AP, PB 

are in a given ratio j find the locus of P. LV. 3. 

(If the bisectors of the interior and exterior angles at P meet AB 
at C and D, it will be seen that C and D arc fixed points, and that 
the angle CPD is a right angle. The locus therefore is a circle on 
CD as diameter.) * 

15. From the point O straight lines are drawn making the angle® 
AOB, BOC, COD each equal to half a right angle, and they are cut by 
a straight lino ABCD, which makes AOD an isoscclc® triangje. Provo 
that AB or CD is a mean proportional botwt^en AD and BC. LV. 4. 

16. Determine the locus of the vertex of a triangle on a given base, 

when the straight line drawn from the vertex to a fixed point in the 
base bisects the vortical angle. LV. 6. 


Proposition 5. Theorem. 

If two triangles are equiangular to one another, they are also 
similar. 

Let the Ab ABC, DEF 
equiangular, having lA = lD, 
and consequently 

AC = AF. 

It is/eqd, to prove that 
BC. CA^^ 

. ef“fd DE' 

Apply the A ABC to the 

AO^ BO that A falls on D, and AC falls along DF, C falling at H. 
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Then AB falls along DE, for ^BAC = l EOF. 

Let G be the new position of B, so that GH is the now position 
of BC. . 

ADGH = £B = Z.DEF; 

GH is parallel to EF ; (I. 4 .) 

. DG DH 
. • • DE “ DF ’ 


DfoP 


In the same way, by applying the A ABC to the ADEF, so that 
AC coincides with AF, we may prove that 

ACBC 

DF~EF’ 


. ^^CA_^ 

EF FD DE' Q.E.D. 

CoBOLLARY. Taking the ratios alternately, 

BC^^ ,CA_FD AB DE 

CA FD’ AB DE’ BCTf' 

Equiangular quadrilaterals or polygons are not necessarily 



a diagram, where D'E' is parallel to DE, the 

ngs. ABODE, ABCD E' are equiangular, but their sides about all their 
equal angles are obviously not proportional. 

_ BC . BC 

w not equal to ^. 
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EXERCISES. 

1. The straight lines joining the middle points of the sides of a 

triangle divide the triangle into four triangles, each similar to the whole 
triangle, and equal in all respects, and therefore each equal to one 
quarter of the whole triangle. LVI. 1. 

2. The straight lino OAB cuts a circlo at A and B, and OC is a tangent; 

prove that the rect. OA, OB—tho sq. on OC, by making the points C 
and D coincide where OCD is a secant., ' LVI. 3, 

3. Jfrom tho top of a mast /^ feet above soa-levcl a man can just 
see a ship at a distance of I miles. If r miles is tho radius of tho earth, 

prove that I = approximately. ^ 

4. The Centroid of a triangle is one of the points of trisection of 

each median. LVI. 5. 

Prove this by using similar triangles. 

[Def.: Tho point of intersection of tho medians of a triangle is called 
its centroid.] 

5. A man 6 feet in height stands at a distance of 4 feet from a 

lamp-post 12 feet high: find the length of his shadow. LVI. 6 

6 . A man 6 foot high has a shadow, 10 fe#t long, cast by a lamp 

at the top of a post 12 feet in height: V^w far is the man standing 
from the post ? LVI. 7. 

7. The sun-shadow of a pole 10 feet high is 20 feet long,^when that 

of a wail is 60 feet long: find tho height of tho wall. LVI. 8. 

8 . Two similar triangles are described on bases of 5 and 3 om.; 

if the other sides of the first triangle are 9 and 7 cm. long, find tho 
lengths of the remaining sides of tho second triangle. LVI. 9. 

9. Two straight linos OAB, OCD cut a circle at A, B, D and C. If 
OA=6, OC=4, CD=8, and BD=7 feet, find tho lengths of AB and AC. 

LVI. 10. 

10. A rectangle ABCD, whoso adjacent sides are 6 and 8 feet long 

respectively, is folded so that the point A falls on the point C. Fipd, 
the length of the crease. * •LVI. 11. 

11. ABC is an acute-angled triangle, and AD is drawn perpendicular 

to BC. The triangle is folded so thalt the point A falls on the point 0. 
Find the length of the crease. LVI. 12. 

12. the triangle ABC. AB = 13, BCr=6, and CA = 12 inches. The 

triangle is fold^ so j)hat the point A falls on tho point 6: find the 
lengMi of the^ crease. L\l. 13, 

• 13. *ABC is a triangle whose base BC is 9 in. long; a straight line 
is drawn parallel to the base cutting AB in the ratio m 4 to 3; find the 
. length intercepted by the sides of the triangle. * LVI. 14. ^ 

8.0. . o 
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14. If one of the two parallel sides of a trapezium is double the other, 

the diagonals intersect at a point of triseotion. LVl. 16. 

15. If three straight lines meet at a point, they intercept on any 
parallel straight linos portions which are proportional to one another. 

LVI. 16. 

16. A common tangent to two circles cuts their line of centres 

internally or externally in the ratio of the radii. LVI. 17. 

17. If any straight line is diawn parallel to the base of a triangle, 

the portion intercepted by the sides is bisected by the median to the 
base. LVI. 18. 

18. If D is any point in the base BC of a triangle ABC, the radii 

of the circles circumscribing the triangles ADB, ABC are proportional 
to the sides AB, AC. LVI. 19. 

19. If the perpendiculars from two fixed points on a straight lino 

passing between them are in a given ratio, the straight line will pass 
tbrougli a third fixed jwint. LVI. 20. 

20. Straight lines AOD, BOE intersect at O so that A0~20D and 

BO=2<^ ; AE and BD arc drawn and produced to meet at C ; prove 
that AC and BC are bisected at E and D. LVI. 21. 

21. AB is parallel to CD and is bisected at 0 by the line QOPD: 

CA and CB cut this line ir Q,, P: prove that QO is to OP as QD is 
to PD. LVI. 22. 

22. Veri/y the following construction to trisect a given finite straight 

line AB. Produce BA to C, making AC=AB, and draw any two parallel 
straight lines BD, CE to meet any other two parallel straight linos 
AD, BE in D, E respectively; then DE trisects AB. LVI. 23. 

23. In a triangle ABC, AD bisects the angle A, and from C a pet' 
pondicular is drawn to AD meeting it in N. If 0 is the middle point 
of BC, i)rove that ON is half the differeiice of the sides AB, AC. LVL 24. 

24. A and B are the points of intersection of two circles; CAD is 

a straight line meeting the circles again at C and D ; and BC, BD are 
d^wn: prove that BC is to BD as the diameter of the circle ABC is 
to that Oi the circle ABD. LVI. 26. 

25. If D, E, F arc the centres of the scribed circles touching the 

sides BC, CA, AB respectively of a triangle ABC, prove that FA and 
FB are inversely proportional to FE and FD. LVI. 26. 

26. The bisector of the angle BAG of a triangle meets BC ir. D, and 
meets in E the straight line which bisects BC at right angles; prove 
that^ho rectangle ED . EA is equal to the square on EB/ LVI. 27. 

». «' 

27. The diagonal BD of a parallologram ABCD is divided in E sh 

that BE is one-third of ED, and AE, DC produced meet in F. Show 
that FC i^ double of AB. LVI. 28. 
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PitoposraoN 6. Theorem. 

(Convor.se of Prop. 6.) 

If two triangles ham the sides, taken in order, about each of their 
angles proportional, the triangles are similar, those angles being 
equal which are opposite to the corresponding or homologous sides. 



B H C E F 


Let tho As ABC, DBF be such that 

AB _BC CA 

'de“ef""fd’ 

. It is reqd. to prove lltat the As are similar. 

Prom BA (produc(!(l if necessary) <;ut off equal to ED. 

„ BC „ „ „ I BH equal to EF. 

Join QH. 

BA BC 

Now ~ -gpj {Hyp.)y for BG == ED ami BH = EF, 



.•. GH is II to AC ; 

(V. 2, Cor.) 


As BGH, BAC are similar; 

. BC CA 

•• bh“hg' 

(V. 6.) 

But 

BC CA 

Given. 


Ef "FD ■ 

And 

BH = EF; HG = FD. 


Also 

gb=de. " 

Constr. 


the As DEF, fiBH arc equiangular. 

(I. 13.) 

But As GBH, ABp are equiangular; 

the As ABC, DEF are equiangular. 


and therefore similar. 

(V. 5.) 


Q.E.S. 
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PBorosmoN 7. Theorem. 


If two triangles have one angle of the one equal to one angle of the 
other, and the sides about those angles proportional, the triangles 
are similar. 


A 



Let the As ABC, DEF have the aB —AE, and the sides about 
those L s proportional, viz. • 

It is reqd. to prove that the As are similar. 

Apply the A DEF to the A ABC so that the AE coincides with 
the equal AB, D falling at G in BA, and F falling at H in BC. 


Then 


AB_ BC 
(^^BH’ 


Given. 


'GH is II to AC; (V. 2, Cor.) 

As BGH, BAC are similar; (V. 6.). 

i.e. As DEF, ABC arc similar. Q.E.D. 


EXERCISES. 

1. AOB, COD are two straight linos such that AO is to DO as CO 

is to BO : prove that A, B, C, D are conoyolic. ' ” LVIL 1. 

2. OAB, OCD are two straight lines s-joh that OA is to 00 as OD 
is to OB: prove that the points A, B, D, C are conoyolic. LVII. 2. 

3. In k triangle ABC, AD is draAn perpendicular to BC. Prove 

that if AO is a mean proportional between BD and DC, the ar^e A 
is a right angle. - LVfl. 3. 

4. D is a point in AB a side of tb| triangle ABC, and the triangles 
ADE, ABC on the same side of AB have their angles at D and B equal, 
and AD is to DE as AB is to BC : prove that AEC is a straight line. 

• ^ LVn. 4. 

6 . AB6 is a triangle and CD is drawn perpendicular to AB; show® 
that if AC is to CD as AB is to BC, then the angle BCD is equal to the 
^ angle CAB'. LVn, 6.<: 
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6 . If two triangles ABC» ABD have the angle r% i^viumon, and BC 
equal to BD, and S ACD is produced to E so that D£ is a third pro> 
portions] to AC and CB, show that the triangles ABE, ACB are similar. 

LVIL 6. 

7. On opposite sides of the same straight line AB there are described 

similar isosceles triangles ABC, ABD having BC, AB as their respective 
bases. Erom AC any part AE is cut off, and from DA the same pro¬ 
portional part DF. Show that the trjangle BEF is similar to each of 
the given triangles. LVIL 7. 

8 . ABC is a triangle; D, E, F the middle points of the sides BC, 

CA, AB. Through D, E, F straiglit lines are drawn meeting in a point P ; 

and through A, B, C lines are drawn parallel to DP, EP, FP r^pectively. 
Provo that those linos also meet in a point. LVIL 8. 

9. If two circles cut each other ortliogonally, and the line joining 

their centres meets the circurafei'enco of one of them in A and B, prove 
that if P be any point on the other circle, PA is to PB in a constant 
ratio. LVIL 9. 

10. ABC is an isosceles triangle right-angled at A. Any point P is 
taken in AB, and BD is drawn at right angles to BC upon the side of 
BC remote from A, of such length that 

BD:BC:: AP:fcA. 

Prove that CPD is a right angle, and that CP is equal to DP. LVII. 10. 

• 

11. ABC is a triangle, D any point in AB produced; E a point in 

CB, such that CE is to EB as AD is to BD. Provo that DE produced 

bisects AC. LVIL 11. 

12. If D aud E are points on the base BC of a triangle ABC such 

that AB, AC are respectively moan proportionals between BC and 
BO, BC and CE; show that AD and AE are each a mean proportional 
between BD and CE. LVIL 12. 

13. OAB cuts a circle at A and B, and OC touches it at C. From O, 
in any direction, OD is drawn equal to OC ; AD, BO are joii^ meeting 
the circle again at E and F: prove that EF is parallel to OD. LVII. 13. 

14. C is a point in a given straight line AB, and AB is produced to 

0, so that CO is a moan proportional between AO and BO. If P be any 
point on the circle described with centre O and ra^us OC, prove that 
the angles APC, BPC are equal. LVIL 14. 

16. If th6 angle A of a triangle ABC and also the adjacent efirterior 
^angl« be bisected by straight lines, of which the former meets 
bara in D and the latter the base produced in E, then a straight line 
dtawn through C parallel to AB and terminated by AD produced and 
is bisected in C. LVII. 16.* 
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Proposition 8. Theorkm. 

In a righl-anghd triangle, if a perpendicular be drawn from the 
right angle to the hypotenuse, the triangles on each side of it are 
similar to one another and to the whole triangle. 

In the A ABC, rt.-angled ,at A, let AD 
be drawn perp' to the hypotelmse BC. 

It is reqd. to 'prone that As DBA, DAC 
are similar to one another and to the 
whole AABC. 

In the As ABC, DBA, 

ABDA= ABAC (rt. As), 

A B is common; 

.'. the A s are (iquiangidar; (I. 7.) 

.'. they are similar. (V. 5.) 

In the same way it may be proved that the As DAC, ABC are 
similar. , 

Also, since each of the As DBA, DAC is similar to the AABC, 
they are similar to one ano&icr. Q.b.d. 

Corollary 1. The perp’'from the rt. l to the base is a mean 
proportional between the segments of the base. 

For from the similar As BDA, ADC, ^ = qq • 

Corollary 2. Each side is a mean proportional between the 
base and the segment of the base adj. to that side. • 

E.g. from the similar As BAC, BDA, 

BC_BA 

ba"b5' 

Notk.—W e see' fmm the above that 

DA2=rect. Dp. DC, 

BA^=rect. BD . BC and CA®=rect. CD.CB. 

Alaoj we may use these results to prove P3rthagora3i Theorem. 

For BA*.=reot. BD.BC, 

AC®=reet. CO .CB. 

.-. BA2 + AC2=rect. (BD + CD)BC' 

= BC». 
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EXERCISES. 

1 . ftove that either of tho equal sides of an isosceles triangle is 

a mean proportional between tho diameter of tlie eireum-circle and 
the perpendicular from tho vertex to the base. LVIII. 1 . 

2. The hypotenuse of a right-angled triangle is 10, and one side 

7 inches long. Jj'ind the lengths of the srfginents of the hyimtcnuse 
made by the perpendicular from tho right'angle. LVIII. 2. 


Proi-osition 9. Theorem. 

If two triangles (or parallelograms) hive one angle of the one 
eqttal to one amjle of the other, their areas are proportional to the 
areas of the rectangles contained by the sides about the equal angles. 



It is reqd. to qrrove that 


AABC_AB.BC 

"^DEF“DETff‘ 


Draw AG, DH perpf to BC, EF respectively. 

fru._ * • *ABC lAG.BC AG.BC 
^ ADEF 4 DH.'EF"'dH.EF. 

In the As ABG, DEH, lB-lE and z.G = AH (rt. As); 

’ AG AB 


..( 1 ) 


the As are similar; 


OH DE’ 


(V.6.) 


from (1), 


A ABC AB.BC 
a"d2f~de7ef' 


(6) In the saine way, if ABCK, DEFL be two par'"* Jiaving 

ABok ae, 

par”> BK AG. BC AB . BC 
par“ EL “ DH . EF “ DET EF • 


Q.E.D. 
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Trigonotnetrical proof of Prop. 9. 

Area of A ABC=|BC. AG = JBC. AB sin B. 
And area of A DEF=JEF. DH = EF. DE sin E 
= jDE.EF8inB. 

. AAM_AB,BC 
•• ad^Tde.'ef- 


Proposition 10. Theorem. 

If iwo chords of a circle cut one unother, the red. contained hy the 
segments of the one is equal to the red. contained hy the segments 
of the other ; and conversely. (Sec IV. 11.) 



Let the chords AB, CD of the circle ABC cut at E. 

It is reqd. to prove that the red. AE. EB-tlui red. CE. ED. 
Join AC and BD. 

In the As CEA, BED, 

the AACE=the AEBD, in the same segment, 

• and« Jhe a CEA=the vertically opposite ABED. 

.'. the As are equiangular ; 


. (^IBE 
•• 'EA“ib’ 


(V.6.) 


.’. the rect. CE. ED=the rect. BE, EA.. 


Q.E.D. 
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Pboposition 11. Theorem. 


If frotn any point mihout a circle a secant and a tangent 
are drawn to (he circle, the rect, contained by the whole secant 
and its external segment is equal to the square on the tangent. 

(See IV. 12.) 


Let O be a pt. without the circle 
ABC, and let OAB be a secant, and 
OC a tangent to the circle. 

It is reqd. to prove that the reel. 
OA. pB= the sq. on OC. 

In the As OCA, OBC, 

L OCA = L OBC, in the alt. segment, 
and the aCOA is common. 

the As are equiangular; 
M^OC 
•• OC~OB’ 
the rect. OA.OB^OC^. 

Q.E.D. 


o 



BXEBCISRS. 

1. ABC, CDE are equal triangles with equal angles at C, and they 

are on opposite sides of BCE, which is a straight line. Show that 
a straight line through C, parallel to BD and terminated by AB and DE, 
Is bisected at C. LIX. 1. 

2. Two circles whose centres are A, B touch externally at C. A 
straight line through C meets the first circle again at D, and tjje secoad 
at E. Show that the triangleB ACE, BCD are equal in area. LIX. 2, 

3. The diameter BCA of the citclp whoso centre* is C, is produced 

through A to 0, and from 0 the line OPQ is drawn, cutting the circle 
in P, Q; prove that if the circum-oirclo of the triangle PCQ meets 
OC in D,(l) the point D will be fixed for all directions of OPQ; (2) the 
ratios OA: AD and OQ: CP will be equal. LIX, 3. 

4. ii BFC, CDA, AEB be equilateral triangles described externally 
dh the sides of a triangle ABC right-angled at A; and if AQ be drawn 
perpendicular to BC to meet BC in Q ; show that the triangles BFQ, 
CFG are respectively equal to the triangles AEB, CDA LIX 4. 
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5. One of the sides containing the right angle of a triangle is double 

of the other, and circles are described having those two sides as dia¬ 
meters. Show that the length of their common chord is twQ-fifths of 
the hypotenuse of the triangle. LIX. 6. 

6 . In the base AB of a triangle ABC a point D is taken so that the 

angle CDB is equal to the vertical angle ACB. Prove that CB touches 
the circum-circie of the triangle AGO. LIX. 6. 

7. A straight line inects t,wo intersecting circles in P and Q,, R 

and 8, and their common chord in 0. Prove that OP, OQ, OR, 08. 
taken in a certain order, are proportionals. LIX. 7, 

8 . If ABC bo a semi-circle of which O is the centre, and OB per¬ 

pendicular to AC, and ADE a chord cutting OB in D, prove that the 
circle described about BDE will be touched by AB. IJX. 8. 

9. A and 8 are tw'o points external to a given circle, C a point on 

AB such that the tangent from A to tfio circle is a inean proportional 
between AB, AC. CD is drawn to toucli the circle in D, and AD is 
drawn cutting the ciix?le again in E. If BE cut the circle again in F, 
show that DF is parallel to AB. LIX. 9. 

10. If the bisector of the angle A of the triangle ABC meet the base 

in O and the circuin-circlc in D, the square on DB is equal to the rectangle 
DO. DA. * LIX. 10. 

11. AOB, COD are two sA'aiglit Uikjs such that AO is to OB as 3 is 

to 4, and CO is to OD as 2 is to 5 : com])aro the areas of the triangles 
AOC, BOD. Also find the ratio of the areas of the triangles AOD, 
BOC. • LIX. 11. 

12. AOC, BOO are two triangles of ecptal area, AOB, COD being 
straight lines. If AO=4, BO -;2, CO—5, find the length of DO. 

LIX. 12. 

Proposition 12. Theorkm. 

The areas of similar triangles are ‘pr^yporlioml to the squares on 
their corresjmuli'ng {or homologous) sides. 


D 



Let ABC, DEF be two similar As having the As at A, B, C 
reapectivbly equal to the as at D, E,.F. 
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It is reqd. to prove that 


A ABC AB° BC» AC^ 
ADEF“DE2~EF2“dF*' 


Draw AM perjF to BC and DN perp'' to EF. 

A ABC JAM.BC 

adef“|'dn._ef.. 

R t AM_AB (for the As ABM, DEN arc equiangular to one 
dN ~ DE another) 

BC 

= (for the As ABC, DEF arc similar); 


from (1), 


_AB2 

“d‘e2“df“ 


' for 


A^C_BC''* 
ADEF'EF^ 
AB BC AC 
de“’ef‘'df’ 



Q.E.D. 


Note.— Kuclid enunciated this propositiem in the following manner: 
/Similar trianglea are to one another in the diipUcale^ratio of their homologous 
sides. See paragraph 6 on Ratio, wlierc it is explained that the duplicate 
ratio of AB to DE is the same as the ratio of * B^ to DE^. 


EXERCISES. 

1. Two corresponding sides of two similar triangles are respectively 

5 and 3 inches long; the area of the lirst triangle is 75 sq. in.: dnd 
the area of the second. LX. 1. 

2. In a jtrianglo ABC, DE is drawn parallel to the base BC and 

cuts tbo side A&in the ratio of 3 to 5: coni])aro the aix>as of the triangles 
ADE, ABC. LX. 2. 

3. ABC is a given triangle: draw a straight lino parallel to BC 

making with AB and AC a triangle equal to four times the given triande. 

LX. 3. 

4. Draw a straight lino parallel to the base BC of a given triangle 

ABO making with AB and AC a triatigle equal to nine times the given 
triangle. LX. 4. 

5. DE is drawn parallel to the base BC of a triangle ABC, dividing 

the sides AB, AC in (!he*ratio of 1 to 3. Find the ratio of the ai^ of 
the tfjlangli^ ADE, ABC. LX. 5. 

6 . DE is drawn parallel to the base BC of a triangle ABC meeting 

AB, AC in D and E, so that the triangle ADE is one-ninth of the whole 
triangle: find the ratio of AO to DB. * LX. 0. 
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T, If AD, BE are the perpendiculars on the sides BC, AC of the 
triangle ABC, prove that the triangles COE, ABC are in the ratio of the 
squares on CD and CA. ^ liX. 7. 

8 . D, E, F are the feet of the perpendiculars from the angles A, 6, C 

of an acute-angled triangle on the opposite sides; and Q, H the feet 
of perpendiculars from E, F on BC. Prove that the straight lines DE, 
DF divide the triangle ABC into three parts which are proportional 
to CQ, QH and HB. LX. 8. 

9. The angle BAG of the triangle ABO is bisected by AO which 

outs the base BC in D, and DE, DF are drawn respectively parallel 
to AB, AC to cut the sides AC, AB in E, F. Show that BF is to in 
the ratio of the squares on AB and AC. LX. 9. 

10. Any triangle described on a side of a square as base is one-half 

the similar triangle described on a diagonal as base. LX. 10. 

11. Through the vertices A, B, C of an equilateral triangle straight 

lines are drawn perpendicular to the sides AB, BC, CA respectively, 
so as to form another equilateral triangle. Compare the areas of the 
two triangles. LX. 11. 

12. Through the end., of the base BC of an equilateral triangle ABC 

straight lines BD, CD are ..ilrawn i’e.spc<jtivcly perpendicular to the 
sides AB, AC. Provo that tlie area of the triangle BCD is one-third 
of the area of the triangle ABC. LX. 12. 

13. If ABC be a triangle, and D a point on BC such that BC is equal 

to the diagonal of the square on DC ; show that a line through D parallel 
to AB bisects the triangle. LX. 13. 

14. If AB, CD be two chords of a circle intersecting in an external 

point E, show that the triangle EAC has to the triangle EBD the duplicate 
ratio of that which AC has to BD. LX. 14. 

16. In a right-an^ed triangle, if a perpendicular be drawn from 
the right angle to the base, the segments of the base are to one another 
in the duplicate ratio of the sides which contain the right angle. 

LX. 16. 

16. ABO is a triangle with an obtuse angle at A; and AM, AN are 

drawn to meet the base BC in M and N respectively, so that the angles 
AMB, ANC are each equal to BAC ; show that BM has to NC the du^oate 
ratio of that which AB has to AC. LX. 16. 

17. If AB, BC l>e two sides of a regular figure; L and M their respective 
middle points; and 0 the centre of the inscribed circle; show that 
the triangle BLM has to the triangle OLM the duplicate ratio of that 
'which a sifie of the figure has to the diameter of the circle. LX. 17. 
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^ 18. If C be tbe centre of a circle. OPCQ a straight line cutting the 
.circle in P and Q, OT a tangent to the circle, and PN another tangent 
■ cutting OT in N j show that the triangles OPN and OTC bear the same 
ratio to one another that OP bears to OG. LX. 18. 

19. If the sides AB, BC, CD, DA of a quadrilateral bo trisected 
respectively in E and F, G and H, K and L, M and N ; show that the 
figure EFGHKLMN is seven-ninths of the whole quadrilateral. KX. 19. 

20. Of two regular hexagons, one is injerihed in a circle and the 

other is described about the same circitf: prove that the areas of the 
hexagons are to one another in the ratio of 3 to 4. LX. 20. 

21. ADOB is the diameter of a circle whose centre is 0; C is a point 
on the circumference such that CD is perpendicular to AB; and EC, EA 
are tangents to the circle ; show that 

’ AECA: AOCB::AD:DB. LX. 21. 


Proposition 13. Theorem. 


Similar rectilineal figures may he divided into the same, number 
of similar triarujks by joininy corresponding angles : these triattgles 
have the same ratio to one another that the figures have; and the 
figures are to one another in the ratio of the squares on Ike corre¬ 
sponding or homologous sides. * 

A 



Let ABCDE, FGHKL be similar rectil. figs., AB and FQ being 
corresponding or homologous sides, and A and F corresponding 
angles. • , • 

(1) To prove that the figures may he divided into the satne number 
of similar triangles. 

Join BE, BD, GL, GK. 

The f gures are similar; 

. . .-. AA = AF, 


gnd 


BA_AE_ 

(3F“FL’ 


As BAE, GFL are similar, and AAEB = AFLQ. (V. 7.) 
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But L^^D = L FLK, for the figs, are similar ; 

.'. the remaining i.BED=the remaining ^GLK. 

Also the As ABE, FGL have been proved similar. 

.'. ^7 = == f ^, for the figs, are similar, 

laL pL LK. 

and ABED has been proved equal to L GLK ; 

.'. the As BED, GLK are similar. (V. 7.) 

In the same way it may be proved that the As BCD, GHK are 
similar. 

.■. the figures are divided into the same number of similar As. 


(2) To from, that the A s have to one another the same ratio that 
the figures have. 

As ABE, FGL arc similar ; 


. AABE_BE“ 
•• afgl“gl2 


/.BDE 

°AGKL- 


, for lhc.se As arc similar. 


BD^ A BCD 
GK2“ A(>n<‘ 


(V. 12.) 


AABE_ABDE_ABCD 
aTfGL—AG ia^AGHK 


AABE +ABDE +ABCD 
A FGL + AGKL L AGHK 


_fig. ABODE , 

-fig.' FGHKL ’ 

i.B. the Ariangles have to one aiwther the same ratio that the 
figs. have. 


(3) To prove that the figs, are in the ratio of the sqs. on the corre¬ 
sponding sides aB, FG. 


fig. ABODE AABE 
fig. FGHKL "A FGL 


Proved in Part (2). 


_A8^ 

"FG'! 


, for As ABE, FGL are similar. 


(V. 12,)’ 
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Corollary. If three straight lines are proportionals, the first 
is to the third as any rectilineal figure described on the first is to a 
similar and similarly situated rectilineal figure described on the 

second. 


Let M be a third proportional to AB and FG ; then 

AB FQ . AB AB* ^ 

’ •• ¥“fG* (Paragraph G, on Ratio.) 


polygon ABODE 
polygon FGHKL' 


(For the polygonsaresiinilar.) 

Q.E.D. 


PR01-0.S1T10N 14. Theorem. 

If four straight lines are proportional, and a pair of similar 
rectilineal figures are similarly described on the first and second, 
and also a pair of similar rectilineal figures are similarly described 
on the third ami fourth, the figures arc proportiomd. 

Conversely, if similar ami similarly described rectilineal figures 
on the first and second of four straight lines are proportional to 
similar and similarly described rectilineal fif/ures on the third and 
fourth, the four straight lines are proporKonal. 



(1) Let the str. lines AB, CD, EF, GH bo proportional, and let 
ABK, CpL be similar and similarly described rectil. figs, on AB, CD; 
and let EFM, GHN be Jike rectil. figs, on EF, GH. 

Itfis reqel. to prove that 

fig. ABK fig. EFM 
fig. CDL~figrGHN ■ 
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The figs. ABK, CDL are similar; 

. fig. ABK AB^ 

•• fig. CDL"CD®' 

T ii. fig- EFM EF* 

In the same way, 

But by hyp., ^ ^ I 

. A^_^. 

CD2“GH*’ 

. fig. ABK^fig. EFM 
•• fig. CDL“fig. GHN ■ 


(2) Let the similar and similarly described figs, on AB and CD 
be proportional to like figs, on EF, GH. 

It is reqd. to prove that 


As in Part (1), 


• CD “GH ■ 

fig . ABK AB^ 
fig. CDL“CD2’ 


fig. EFM^EF2 
fig. GHN“GH2' 


fig. ABK fig. EFM . 
fig.“CDL*°fig. GHN ’ 

AB* ^ EF* . 

•• CD*”QH*’ 


Given. 


. ^B ^ 

•• c6“gh' 

(J.E.D. 
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Proposition 15. Theorem. 


In a Hght-mu/led triangle, any rectilineal figure described on the 
hypotenuse is egml to the sum of the similar and similarly described 
figures on the other two sides. 



Let A ABC be rt. angled at A, and let D,*E, F be similar and 
similarly described rectil. figs, on BC, a6 , CA. 

It is reqd. to prom that fig. D=fig. E + fig. F. 

The figs. D and E are similar; 


In the same way, 


fig. E_AB 2 
fig; D”BC'^' 
fifr^F AC2 

fig. d“bc 2 ’ 


(V. 13.) 


.fig.E + fig.F AB^ + AC* 
fig.”D ” BC^* ■ 

But AB2 +ACi'=BC2 for Lb isPa rt. L ; 5II. Ifi!) 

.'. fig. E + fig. F =fig. D. Q.E.D. 

» 

Notb.—T his prop, generalizes the result of Jl. 16. 

» 

EXERCISE. 

A 6 CD is a parallefogram whoso side AB is divided at E so \hat 
^E is ^s than EB. CF (equal to AE) is drawn perpendicular to DC 
:lh the side remote from AB; and FQ (equal to EB) is drawn to meet 
DC produced at Q. If GE and DA meet, when produced, ip^H, show 
[ihat the triangle HDQ is equal to the parallelogram'ABCD. LXI. 1. ^ 

8 . 0 . p 
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Proposition 16. Theorem. 

In eqml circlea, angles at the centres, or angles at the circum¬ 
ferences, have the same ratio as the arcs on which they stand ; so also 
have the sectors. 



Let ABC, A'B'C' be equal circles, and let AOB, A'O'B' be angles 
at the centres. 


(1) It is regd. to 'prove that 


L AOB _ arc AB 
A A'O'B' arcA'B'" 


Let arc AB be y units, and arc A'B' g units of length. Take 
arcs AE, EF, ..., A'E', E'F', ... each one unit of length, and join 
OE, O'E'.' 

Equal arcs subtend equal ls ; 



^ AOB times i AOE ; 

and 

^ A'O'B' =g times L A'O'E'; 


.-. for iA0E = ^A'0'E'. 

Z.AOB g 

' Also ( 

arc AB =p times arc AE, 

and 

arc A'B' =g times arc A'E'; 


, arc AB p 
■ ■ arc A'B' g 


= ,^ 7 ^,^). frovei above. 

Z. A U D 


t.e. the Ls at the centres are proportional to the arcs on whiol 
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(2) Let ACB, A'C'B' be £g at the circumferences, 
^ACB arc AB 


It is "teqi. to prow that 


iC. A'C'B' arcA'B'' 


4A0B' at the centre=twioe Z.ACB at the circumference, and 
Lk'O'B' at the centre=twice £ A'C'B' at the circumference; 

(III. 4.) 

Z.ACB .aAOB 


£ A'C'B' iA'O'B' 
_ arc AB 
arc A'B' ’ 


Proved in Part (1). 


t.e.’the ^ s at the circumferences are proportional to the arcs on 
which they stand. 

(3) It is reqd. to prove that 

arc AB _ sector AOB 
arc A'B' sector A'O'B'' 


Equal arcs subtend equal is; i AO&= l EOF and so on; 
by superposition, sector AftE=sector EOF; 

.•. sector AOBtimes sector AOE. 

In the same way, sector A'O'B'times sector A'O'E'. 

Also by superposition, sector AOE=sector A'O'E'; 

sector AOB _p_arcAB 
sector A'O'B' j arc A'B' ’ 

!.e. in equal circles sectors are proportional to their arcs. 

Q.E.D. 


This proposition is true for one circle. 
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APPLICATION TO TRIGONOMETRY. 

The angle subtended at the centre of a circle b 7 an arc equal 
to the radius is called a radian. Hence if arc AB subtend an angle 
of B radians, 

arc AB B 

T’ 

or arc AB =rB. 


EXERCISE. 

Two equal circles are such that the tangents at either of their 
points of intersection are at riglit angles. Show that the area common 
to the two circles together with the square on the radius is equal to 
half the area of either circle. LXIL 1. 


Pbojosition 17. Tueorem. 


If the vertical angle of h triangle be bisected by a straight line 
which cuts the base, the square on this bisector is equal to the difference 
between the rectangle contained by the sides of the triangle and the 
rectangle contained by the segments of the base. 


Let ABC be a A having the vertical LA 
bisected by AD which cuts the base at D. 

It is reqd^. to prom that 

AD®=reel. AB. AO-rect. BD . DC. 

Let ABEC be the circle circumscribing 
the A ABC, and let AD produced meet it 
at'E. . 

Join EC. 



In the As BDA, ECA, aBAD = aEAC, Given. 

A DBA = A CEA in the same segment; 

the As are equiangulg-r,, ' (I. 7.) 

and consequently similar; (y. 6.) 

• = 
ae“ac’ 
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rect. AB . AC = reot. AE. AD 

= rect. AD(DE + DA) 

= root. AD . DE + AD2. (IV. 3.) 

But BC, AE are chorda of the circle; 

.'. rect. AD. DE=rcct. BD, DC; (IV. 11.) or (V. 10.) 
.'. rect. AB . AC=rect. BD . DC + AD^, 
i.e. AD*=rect. AB. AC-rect. BD . DC. Q.K.D. 


Proposition 18. Theorem. 

If from the vertical am/h of a triangle a perpendicular be dram 
to the base, the rectangle contained by the sides of the triangle is equal 
to the rectangle contained by the perpendicular arul the dmneter of 
the circle circumscribing the triangle. 

Let ABC be a A, AD the perpi from the 
pt. A to the base BC, and AE a diameter 
of the circle circumscribing the A. 

It is reqd. to prove that 

the rect. AB. AC =rect. AD . AE. 

Join EC. 

In the As ABD, AEC, 
aABD = aAEC, as in the same segment, 

rt. AADB!=rt. aACE, the A in a semi-circle; 

.'. the As arc e(iuiangular ; (I. 7.) 

.'. they are also similar; (V. 6.) 

. AB_AD 

•• ae“ac’ 

.'. rect. AB .*AC =rect. AD. AE. Q.E.D. 



Trigonometrical Proof. 

With the usual notation, R denoting the rad. of the circum- 
circle, 

. , b . _ . _ AD 

smoe ECA IS a rt. A , i^=Bm E=smB=—; 

aR c 

hc=2R.AD. Q.E.D. 
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Pboposition 19. Ptolemy’s Tbeoebm. 

Th^ rectangle contained hy the diagonals of a cyclic yxiadrilaJtcrcd 
is equal to the sum of the two rectangles contained hy its opposite sides. 

Let ABCD be a quad* inscribed in a 
circle, and AC, BD its diagonals. 

It is reqd. to prove that 
red. AC.BD=recJ. AD.BC + reci. AB.CD. 

Make the lBAE equal to the a CAD. 

(I. 25.) 

Add L EAC to each; then 
ABAC = lead. 

Then in As ABC, AED, ABAC = LEAD, 

L BCA = L EDA, in the same segment; 

(III. 5.) 


.'. the As are equiangular; (I. 7.) 

.'. thef'’ arc also similar; (V. 6.) 

. BC^E^D 
•• AC “ad’ 

rect. AD . BC = rect. AC. ED.(1) 

Again, in the As ABE, ACD, lBAE = lCAD, Cmtstf. 

L ABE = L ACD, in the same segment ; ^ 

:. the As are equiangular; (I. 7.) 

.’. they are similar; (V. 6.) 

. AB AC 
BE^Cb’ 

.'. rect. AB . CD =_rect. AC . BE ; ■ 
from (1), rent. AD .BC + rent. AB.CD 


» rect. AC. ED + rect. AC. BE 

«rect. AC.BD. (IV. 1.) 

Q.B.D. 
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EXERCISES. 

1. If the angle A of the triangle ABC is bisected by ADE meeting 

the base in D and the oircum-oircle in E, and if AD is a mean proportional 
between BD and DC, prove that the square on AE is twice the square 
on CE. LJCIII. 1. 

2. ADE is a straight line which divides the base BC of a triangle 

ABC so that BD is to DC as BA is to AC,.and which cuts the circum-oircle 
of the triangle in E. Show that the rectangle AB. AC is equal to the 
difference of the squares on AE, BE. LXIIL 2. 

3. ABCD is a quadrilateral inscribed in a circle. Find a point P 

in the circumference such that the rectangle PA. PC shall be equal 
to the rectangle PB. PD. LXllI, 3. 

4. If P is a point on the arc BC of the circle circumscribing an 

equilateral triangle ABC, PB + PC = PA. LXIII. 4. 

5. If the part of the bisector of tlie vertical angle of a triangle 

out off by the cirourn-circle is bisected by the base, show that the 
square on each side is twice tlie squarc on the segment of the base 
adjacent to it. LXIII. 6. 

6. The base of a triangle is given in magnitude and position, and 

the rectangle contained by the sides varj^ as the area of the triangle: 
find the locus of the vertex. LXIII. 6. 

7. Show that the rectangle contained by two adjacent sides of a 
quadrilateral inscribed in a circle is to the rectan^e dbntained by 
we other two sid^ in the ratio of the segments into which one of 
the diagonals of the quadrilateral is divided by the other. LXIII. 7. 

8. If the exterior angle CBD of a triangle ABC is bisected by a 

straight lino, which cuts the base produced in E, prove that the square 
on BE is el^uai to the difference of the rectangles contained by AE, EC, 
and AB, BC. LXIII. 8. 

In a quadrilateral inscribed in a circle, one of the diagonals 
ia a diameter of the oirclo and bisects the other: find the relation 
between the sum of the rectai%!ea contained by the oppoiite 8id(% of 
the quadrilateral and the area of the quadrilateral. LXIII. 9. 

10. If ABC be a triangle inscribed in a circle, and AD be drawn 
touching the circle to meet BC produced in D, diameters of the 
oirolea i^ut ABO.and ACD wilFbe as AD to CD. LXIII. 10. 
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PnorosmoN 20. Problem. 


From a given straight line to cut off any assigned stdnhuUipk. 



Let AB be the given str. line. 

It is reijd. to find a jit. F in AB such that AB-p limes AF, where 
p is a given integer. 

From A draw AC making any L with AB, and in it take any 
point 0. 

By cutting off from AC succes.sive lengtlis o.ach equal to AD, 
make AE equal to p times AD. 

Join BE, and from D draw DF parallel to EB, meeting AB at F. 

F mil he the reqd. pt. 

In the AABE, DF is parallel to EB ; 


AB_^E 

AF“,W 


(V. 2, Cor.) 


=p; 

AB=p times AF; 
.’. F is the reqd. pt. 


Proposition 21. Problem. 

To divide a straight line similarly to a given divided straight 
Une. 



Let AB be the given str. line to be divided, and AC the given 
Btr. line divided at D and E. 



BOOK V. PROP. 22. 


221* 


It is reqd. to divide AB similarly to AC. 

Let AB and AC be placed to contain any angle. 

Join be, and through D draw DF par' to CB, to meet AB at F. 
Also through E draw EH ))ar' to CB, to meet AB at H. 

AB tmll be divided at F and H simUarly to AC. 

Proof. Use the method of V. 2, Cor. 2. 

The same construction applies if AC is divided into more than 
three parts. 


PnOPOSITION 22. PllOBLEM. 


To find a third proportional to two given straight lines. 



t 


Let AB, AC be the given str. lines. 

It is reqd. to find a third jrroiiortional to AB and AC. 

Place AB and AC so as to form any angle. Join CB. 

In AB produced make BO ccpial to AC, and from D draw OE 
par* to BC to meet AC produced at E. (I. 20.) 

, CE will be the third proportional reqd. 

In the AADE, BC is [air' to DE ; 


ButBD=AC; 


AB_^ 

••«d“ce’ 

AB AC 
AC'°CE’ 


i.e. CE is a third proiwrtional to AB and AC. 


(V»2.) 


Q.E.P. 
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Proposition 23. Problem. 

To find a fourth proportional to three given straight lines. 



Let A, B, C be the three given str. lines. 

It is reqd. to find a fourth proportional to A, 8, C. 

Draw two str. lines DE, DF of indefinite length forming any 
angle. 

From DE cut off DM equal to A, and MH equal to B. 

From DF cut off DK equal to C. 

Join KM, and from H draw HL || to MK to meet DF at L. 


_ KL will he the fourth proportional reqd. 
In the ADLH, KM is || to LH ; 

. pM_DK 
•• MH~KL‘ 


(V. 2.) 


But DM=A, MH=B, and DK = C ; 

■ ^ 
b“kl' 

i.e. KL is a fourth proportional to A, B, and C. 

Q.B.P. 
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Pboposition 24. Problem. 

To find a mean proportional to two given straight lines. 



A ‘ B C 


Let AB, BC be the given str. lines. 

R is reqd. to find a mean proportional to AB and BC. 

Place AB and BC in the same str. line, and on AC describe the 
semi-circle ADC. 

From B draw BD at rt. 4s to AC to meet the semi-circle 
at D. (I. 22.) 

BD vM he tile mean proportional reqd. 

Join AD, DCj. * 

ADC is a acmi-circle; the A ADC is a rt. L. (III. 7.) 

Then in the rt. angled A ADC, DB is drawn fronf the rt. L 
perp' to the hypotenuse; 

the As ABO, DBC are similar; (V. 8.) 

. AB _^D 
•• BD“BC’ 

i.e. BD is a mean proportional between AB and BC. 

Q.E.E. 
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DIAGONAL SCALE. 

By means of a Diagonal Scale, with the help of dividers, we 
can measure lengths to the nearest hundredth part of an inch. 

Its construction deijcnds upon the following. If OA and OB 
are two straight lines and OA is divided into 10 equal parts at 
A], Aj, etc., and parallels AA, A^Bj, ... to AS are drawn, then 

and so on. 



« 

Thus if AB were equal tq one-tenth of an inch, 

AjBj would he equal to j J j,"" of an inch. 

A Q 2 thi 

"2“2 n »> lOO »» 

A p H till 

if a Iff?!’ »> 

The next figure shows one end of a Diagonal Scale. It is 
generally drawn on hard wood, or ivory. 

HK = KL = 1 inch. 


E F 



<10 

H 


8 6 4 2 0 


Bach of the small divisions along the top and bottom lines 
■= one-tenth of an inch. Thus EF=j\y‘‘ of an inch. 
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Examming the portion KEF, we see, from what has been said 
above, that 

■ ' RS = /ijEF = of an inch. 

Also . CD = ]bEF = .j:^*''" „ ,, 

PR = PS + SR = l + ,i|„ = l-0.3iri. 
and AC=AD + DC = 1 +,^5 = 107 in. 

Again AB=AD+ CB + DC = 1 + ,\+,,’b = 1’.57 in. 

and PQ = PS + Ra + SR -1 + ,"b + , ii „■ = 1-83 in. 

, Proposition 25. Theorum. 

On a given straight line to describe a rectilineal figure similar to 
a given rectilineal figure. 



Let AB' be the given str. line, and ABODE the given rectil. fig. 
Take AB' along AB. 

It is reqd. tb describe on AB' a rectil. fig. similar to the fig. ABODE. 
Join AC, AD. 

Draw B'C' parallel to BO cutting AC at O'. 

„ C'D' „ * CD „ AD„ D'. 

„ D'E' „ PE „ AE„ E'. 

AB'C'D'E' pill be the reqd. fig. 

The z.’AB'C'=the ^ABC, for B'C' is || to BC. 

• • 

The iB'C'A =the iBCA, „ 
and the iAC'D'=the Z.ACD, „ C'D' 
the Z.B'C'D'=the iBCD. 


CD. 
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In the same way, the Z.C'D'E'=the lCDE, 
and the 4D'E'A -the ^DEA. 
the fig. AB'C'D'E' is equiangular to the fig. ABODE. 
AB^ 

Also T 5 '“' 5 ;r> for the As AB'C', ABC are equiangular, 

AB BC 

~AC 
^C^D' 

"CD 


As AC'D', ACD 


D'E' AE'. ,. 

m the same way. 

DE AE •' 

i.e. the figs. AB'C'D'E', ABODE have their sides taken in order 
about their equal L s proportional. 

the fig. AB'C'D'E' is similar to the fig. ABODE. 

Q.E.P. 

The following are very useful in solving many problems. 


, base AB. 

if 

and 



AN=* inches. (Any unit may be used.) 
BN = lin., 

ON*=AN .BN=a: sq, in. (V. 8, Note.) 

.’. CN = \/ain. 

Again, if AN -1 in. and AB -x in., 

^ AC*=AB . AN=® sq. in. (V. 8, Note.) 

.'. AC=v/a;in. 
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£z. Bised a given AABC by a line drawn parallel to 8C. 

We have to find a AADE such that, DE being || to BC, 

AADE 1 . AD» 1 , AD 1 

AABC“2’ AB*-^ Ab“72' 

Hence the following construction. 

On AB describe a semi-circle, and draw OF perp' to AB from 
the centre 0. 

From AB cut off AD equal to AF, and draw DE || to BC. 

AADE AD* AF* AO.AB AO 1 

aabc“ab*“ ab*“ “aP““ab “2' 

.'. AADE=JAABC, and DE is II to BC. Q.E.P. 


Proposition 26. Problem. 

To describe a square equal in area to a given rectilineal jigure. 

(1) Reduce the rectil. fig. to a A. • 

(2) This A is equal to a rect. whose sides are the base of the A 

and half its altitude. ■ 

(3) Use either of the following methods to obtain the side 
of the square. 

In the fig. p. 226, if AN, BN are the sides of the rect., 
t3N*=AN . BN, and CN is a side of the sq. 

If AN, AB are the sides of the rect., 

AC*=AN . AB, aijd AC is a side of the sq. 
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PnoposiTioN 27. Problem. 

To describe a rectilineal figure which shall he similar to one and 
equal to gnolher rectilineal figure. 



Let ABODE and aiaf-be the two given rectil. figs. 

It is reqd. to describe a fig. equal to abed and similar to ABODE. 

Reduce the fig. ABODE to an equal ADFG. (As in II. 21.) 

Draw DI-’ perp' to the base FG, and bisect it at K. 

Along FG pranced make GL equal to HK, and bisect FL 
at 0. 

With centre O and rad. OF, or OL, describe a semi-circle FML, 
and at G draw GM || to OH [i.e. perpr to FL) to meet the circle 
at M. 

In the same way, reduce the fig. abed to an equal Aeij, 
and in bg produced make gl equal to hk, hall! the altitude of 
the bdg. 

@n U describe a semi-circle bml, and draw gm \\ to ch to meet 
the circle at m. 

Thro, the pt. A draw any str. line APQ making AP equal to gm 
and AQ equal to GM. 

Join QB, and draw PB' 1| to it to meet AB at B'. 

On AB' describe the fig. AB'O'D'E' similar to A&ODE. (V. 25.) 

• AB'O'D'E' is the reqd. fig. 

GM^^the rect. FG. GL (V. 8, Note,) = |DH . FG 
=the ADFG=fig. ABODE. 
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In the same way, jm*=fig. aicrf. 


Fig. AB'C'D'E' AB'^ 
fig. ABODE AB* ' ^ ^ 


AP2 

AQ« 


(V. 2) 


gm^ 

"GM2 


fig. abal 
fig. AiCDE’ 


.’. fig. AB'C'D'E'=fig. ahal, and it is^similar to fig. ABODE; 
AB'O'D'E' is the reqd. fig! 


N.B —All the lines of cunstniction arc shown in the diagraina. 

% 


Proi’osition 28. Problkm. 


To describe, a jigure similar to the gioen figure ABODEF and ii tinuis 
its area. 

Draw LG «. in. long, and on it describe the acmi-circle LKQ. 
Make LH 1 in. long, and draw HK perj/ to LG to meid the 
circle at K. 

From A draw any str. line APQ, making A9= 1 in. and AQ=LK. 
Join PB, and draw Qb || to PB to meet AB produced at b. 

On A6 describe the fig. bbedef similar to the given fig. 

kbcdef will be Ihejuj. reqd. 


For 


Fig. hbedef 
fig! ABODEF 


= ^(V. 13) =^J(V.2) 


LK2_LH.LG 
LH2“ LH2 


(V. 8, Note) 



fig. ^hedef is the fig. reqd. 


N.B. —All.the lines of construction are shown in the diagrams. 
If n is a fraction, say * 

then we shall take t^Q-5 units of length 
and LH —3 » „ 


8 . 0 . 


Q 
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Proposition 29. Problem. 

To tonstruct a square such that two of its angular ‘points lie on two 
sides of a given triangle, and one of its sides is in the third side of the 
triangle.' 

Let ABC be the A , and draw 
AD perpr to BC. 

Draw AE perpr and equal to 
AD, so that E lies on the opp. 
side of AC to B. Join EB 
cutting AC at F. 

Draw FQ || to CB cutting 
AB at G, and also draw GH 
atfd FK II to AD cutting BC at H and K. 

GFKH toill be the sq. rejqd. 

Draw EM perpr to BC produced if necessary. 

~ =51 (for the As EM8, FKB are similar) 

FK FB 

AP 

= ^( „ BAE.BGF* „ ). 

ButEM=AD=AE. 

.-. FK = FG 

=HK=GH (for GFKH is a par™). 

Also the AGHK=the AADC=a rt. L. 

GFKH is a square. 

EXERCISES. PROBLEMS. 

1. Divide a given straight line into five equal parts. _*.. .. 

2. Divide a given straight line externallv in the ratio of S to 3. 

. ,LXIV.«2. 

3, On a ^ven straight line describe a rectangle equal to a given 

rectangle. ^ LXIV. 3. 

4, Describe a square equal to a given rectangle. LXIV. 4. 

5. /^; ACD are two straight lines such that 

. .AB:AC:CD=3:4:6. LXIV. 6. 

If the cirouin-cirolo of the triangle BCD out AB again at E, find the 
KatiobfBEtoBA. * 

6, Construct a square whose area is 3-6 sq. in. Measure its side. 

•LXIV. 6. 
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7. On a straight line 24 in. long, construct a rectangle whose area 

is 1 sq. in. LXIV. 7. 

8. On a straight line 3*7 in. long, construct a rectangle whose area 

is equal to that of another rectangle whose adjacent sides are r‘7 and 
2-9 inches. LXIV. 8. 

9. Draw a triangle whose sides are 6, 6 3, and 8 cm. long. In it 

describe a square with one of its sides in the longest side of the trian^e, 
and with angular points on th^ other two sides. LXIV. 9. 

10. Describe a square equal in area to a given triangle. LXIV. 10. 

11. Construct a square whose area is 2-8 sq. in. Measure its side, 

LXIV. 11. 

12. Find by construction, as accurately as you can, the square root 

of 3-6. LXIV. 12. 

13. Construct a triangle whose sides are 1'7, 2*6, and 3 in. Describe 

a square equal to it in area, and measure itj^ side, LXIV. 13. 

14. Construct a triangle similar to a given triangle and equal to 

one-ninth of its area. LXIV. 14. 

15. Construct a triangle similar to a given triangle and equal to 

one-sixteenth of its area. LXIV. 16. 

16. ABC is a given triangle. (Construct a parallelogram four times 
its area, having AC for one side, and another side along AB. 

LXIV. 16. 

17. From a given external point, draw a tangent to a given circle 

without Using the centre. LXIV. 17, 

18. Draw a rectangle having sides 3*12 inches and 1*28 inches. 

Construct a square equal to it. Measure and write down the length 
of one side and of one diagonal of the square (correct to two decimal 
places). State the construction. LXIV. 18. 

19. Construct a triangle with two sides 4 and 6 inches long, and 

the contained angle 30 . Find another triangle of equal area but 
hadng t^o sides 3*26 and 4*6 inches respectively. LXIV. 19. 

20. Construct a triangle with sides 2*4 in., 3*6 in., and 4*2 in. long: 

and construct a square equal to it in area. LXIV. 20. 

21. A, B, C are three given straight lines. Find by construction a 

fourth straight line D such that A^: =C: D. LXIV. 21. 

22. Employ Proposition V. 3 to trisect a given straight line. 

LXIV. 22. 

23. Divide a given straight lino in the ratio of 6 to 3. LXIV. 23.<i 

24. Use Proposition V. 4 to divide a given straight line externally 

in the ratio of 3 to 2. LXIV. 24. 
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25. Trisect a given triangle by lines drawn parallel to its base. 

LXIV. 26. 

26. Given the sum of the squares on two straight linos, and their 

ratio, find the straight lines. LXIV. 27. 

27. Given the sum of the squares on three straight lines, and their 

ratios, find the straight lines. LXTV. 28. 

28. Given the difference of the square^ on two straight lines, and 

their ratio, find the straight lines. ■ I.XIV. 29. 

29. Oraw a triangle similar to a given triangle and equal to twice 

its area. LXIV. 30. 

30. Draw a triangle similar to a given triangle and equal to three 

times its area. LXiV. 31. 

31. Draw a triangle similar to a given triangle and equal to five 

times its area. LXIV. 32. 

32. Construct an isosceles triangle equal to a given scalene triangle 

and having the same vertical angle. LXIV. 33. 

33. From a given point 0 outside a given angle BAC draw a straight 
line cutting AB and AC at D and E so that OD is to DE in a given ratio. 

• LXIV. 34. 

34. Having given the vertical angle of*a triangle, the ratio of the 

sides containing it, and the diameter of the circum-circle, describe the 
triangle. ,LXIV. 36. 

35. Two straight lines AOC, BOD intersect in 0 and the lines AB, CD 
are drawn. From the greater of the two triangles AOB, COD cut off 
a part equal to the less by a straight line drawn through the point 0. 

LXIV. 36. 

36. Given, that the base AB of a triangle is fibred, and 2-4 inches.long, 

wl^e the ratio hi the sides AC and CB is 5 :3, construct the locus of the 
vertex C. LXIV. 37. 

37. Describe a rectangle so that its sides are in a given ratio, and 

its area is equal to a given square :^IV. 38. 

38. Construct two equilateral triangles which shall have a given ratio 

to each other and which shall be together equal to a given equilateral 
triangle. , LXIV. 39. 

• 

39. IXvide a straaght line 3-8 in. long into two parts so that the 

rectangle containe<l by tbem is equal to a square of side 1 3 in. Measure 
the segments. LXIV. 40. 

Jt * 

40. With ruler and set-square describe on a given straight line a 
figure similar to a given rectiuneal figure of five sides ; the given straight 
line being parallel to one of the sides of the given figure. LXIV. 41. 
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41. Divide a triangle ABC into three equal areas, by linw drawn 

from a given point in one side. LXIV. 42. 

42. Divide a given triangle into four equal areas by straight lines 

drawn through a given point within it. LXIV. 43. 

43. Bisect a given triangle by a straight lino drawn perpendioular 

to one side. LXIV, 44. 

44. Bisect a given quadrilateral by a straight lino drawn from a 

given point in one of its sides. ’ LXIV. 46. 

45. Trisect a given quadrilateral by straight lines drawn from a 

given point in one of its sides. LXIV. 46. 

46. Trisect a given square by lines drawn parallel to one of its 

diagonals, LXIV. 47. 

47. Construct a triangle having two sides in the ratio of 3 to 5, ihe 
included angle equal to 60°, and the third side 6 cm. long. LXIV. 48, 

48. Construct a triangle having a vertical angle equal to 46°, the en* 
closing sides in the ratio of 3 to 4, and an altitude of 6*6 cm. LXIV. 49. 

49. On a straight line 3‘7 cm. long, describe a parallelogram having 
an area of 8*6 sq. cm., and one of its angles equal to 46°. LXIV. 60. 

60. With the help of a protractor, construct a triangle, whose base 

AB=2*7 in., one side AC = 3*1 in., and angle ACB (apex) =41°. Also 
construct a triangle of equal area, and having the apex angle 63°, so 
that its ba'ie is in the same straight line AB, and one of its sides, 
in BC. LXIV. 61. 

61. Ini^ribc a square and an equilateral triangle in a circle of radius 
1*73 inches. Find hy consiructiont and write down, the ratio that the 
area of the square inscribed in the circle boars to the area of the square 
described on one of the sides of the equilateral triangle. . I^IV. 62. 

62. Through a given point draw a straight line to meet two others, 

such that the given point will divide it into two parts, of which one is 
double of the other. LXIV. 63. 

0 

63. Cot^truot an equilateral triangle equal to a given square. 

' LXIV. 64. 

54. Construct a regular hexagon equal to a given square. LXIV. 65. 

55. Construct a regular hexagon equal to a given equilateral triangle. 

LXIV. 66. 

SS.*- Through a given point within a circle draw a chord whose sements 
are in a given ratio. LXIV. 61^ 

57, Construct a triangle having given the base, the vertical angle, 
and the r&tangle contained by the sides. LXIV. 68. 



BOOK V. EXERCISES. 


2351 


58. A triangle has two sides 2-3 and 3 in. long. ' Find by construction, 

what the length of the third side must be in order that the triangle 
may be'equal to a sq:uare of 1 in. side. LXIV. 59. 

59. Construct a rectanglo whoso area is 4-7 sq. in., and whose sides 

are in the ratio 3:1. LXIV. 60. 


EXERCISES. 

Loci. 

1. Prom a fixed point 0 any straight line OP is drawn to a fixed 

straight line PA. In OP a point Q is taken so that OQ is to OP in a 
constant ratio : find the locus of Q. LXVI. 1. 

•[Draw OM perpf to AP, and through Q draw QN perpr to OM. 

From the equiangular A a OPM, OQN, ^ “ q p ~ * constant quantity; 

since M is a fixed pt., N is also a fixed pt, 
i.e. the iocus of Q is a str. lino || to the fixed line PA.] 

2. From a fixed point 0 a straight line is drawn to meet a fixed 

circle in P ; in OP a point Q is taken so that OP is to OQ in a fixed 
ratio ; find the locus of Q. • LXVI. 2. 

[Take C the centre of the fixed circle, and in OC take a pt. D 
OC OC O P 

so that ^=the given ratio, OQ is l^to CP and 

the As OOP, ODQ are simiiar; .'. which is constant 

O r OC 

ratio; .'. DQ is of constant length, and the locus of 0 is a circle of 
centre D.] 

3. Find th'e locus of a point which moves so that its distances from 

two fixed points are in constant ratio. LXVI. 3. 

(Let A, B be the fixed pts. and P one position of the moving pt. 
Let the internal and extemal^bisectors of the lP meet AB anaAB i 
produced at C and D. By V. 3 and 4 the locus will be slen to be a 
oimle on CO as diameter.) 

4. From a fixed point O straight lines arc drawn to meet a given 

straight line; find the locus of points dividing these lines in the ratio 
of2t«L ■ LXVI. 4. 

6. Find the locus of the middle points of the portions of straight 
lines intercepted between two given parallel straight lines. LXVL 6. 

6. Find the locus of the intersection of the medians of a triangle 
on a given base if the vertex lies on a given straight line. » LXVI, 6. 
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7. Find the locus of the intersection of the raedisns of a triangle 

on a given base, and having a given vertical angle. ' . LXVI. 7. 

8. Find the locus of the intersection of the medians of a tnangle 

on a given base, and having a given area. LXVI. 8. 

9. A point moves so that its perpendicular distances from two given 
straight lines arc in a constant ratio; lind its locus. LXVI. 9. 

10. A, B, C, D are given jwinfs in a straight line: find the locus of a 

point at which AB and CD subtend equal angles. LXVI. 10. 

11. Find a point such that the perpendiculars from it upon the sides 
of a given triangle aio proportional to three given straight lines. 

LXVI. II. 

12. A triangle whose angles are given has one angular point fixecl, 
and another angular imint moves on a given fixed straight lino: prove 
that the locus of the third angidar mint is a straight line. 

LXVI. 12. 


Proposition A. Theorkm. 

(For Incommen.surablca.) 

Triangles of equal altitudes are to otie another as their bases. 



Let ABC, DEF be two As of equal altitudes on ineoinmensurable 
bases AB, DE. 

It is reqd. to prove that ~ 5^ • 

liet AB %e divided into any nuiiiber (n) of equal parts AA^, 
... A„_,B. 

Along DE set off parts DDj, D^Dj,... each equal to AAj, and 
et Dj be the nearest pt. of division„to E. 

AACAj = ADFDi (on equal bases and of the same altitude). 

. (II. II.) 

Also" AACB=n . AACAi, and ADFDj=p . ADFDi=pAACA]j 
. AACB »_ AB 
■■ ADFD, ' 






BOOK V. PROP. A. 


• 237* 


By increasing n, the number of parts of ABj, indefinitely, we 
can make the part D^E as small as wc please ; 

i.e. 'we can make DD^ and ADFDj, differ as little as we please 
from DE and A DFE respectively. 

making n infinitely large, wc have ultimately. 


AACB AB 
A DFE” DE 


Q.R.D. 


CoROIXARY. Since the par™ ABKL, DEMN, on bases AB and 
DE and of the same altitude, are re3[iectively double of the 
As ABC, DEF, 

. par'" AK _ AB 
•• par'""bM“DE' 


EUCLID’S DEFINITION OP PKtHPOBTION FOB 
INCOMMENSURABLE MAGNITUDES. 


Four magnitudes are said to be proportional when, any equi¬ 
multiples whatever of the first and third being tak(!A, and any 
equimultiples whatever of the second and fourth, the^multiple 
of the first is greater than, eciual to, or less than that of the 
second, according as the multiple of the third is greater than, 
equal to, or less than that of the fourth. 

Thus if A, B, C, D are four magnitudes such that 

toA 1= «B according as mC ^ nO, 


wltatever integral values m (^\d n may have, A, B, C, D arc, in 
proportion.. * 

AC A 

For if the ratios ^ and - were unequal (say g the greater), 

it would be possible to find o. fraction - lying between them in 
value., • 


Then ' 


'A n 

B^m’ 


and 


C ^ n 
m’ 


i.e. mA would be greater than «B while mC would be less than 
aD, contrary to the test stated above. 



> 238 SCHOOL GEOMETRY. 


Proposition A. Theorem. 

(Alternative Proof by means of Euclid’s Def. of Proportion.) 

Triangles and parallelograms of the same altitude are to one 
another as their bases. 

0 



QFEDAB C H K L 


Let the As OAB, OBC, and the par'”“ OA, OC have the same 
altitude. 

It is reqd. to prove that 

A O AB AB . 

' ' aobc^'bc’ 

pari^OA AB 
' ' par™^C"BC’ 

Produce AC both vays, and take any number of str. lines 
AD, DE, EF, FG each equat to AB; and any number CH, HK, KL 
each equal to BC. 

Join OA, OD, etc., and OH, OK, etc. 

(1) AB=AD = etc.; AAOB = AOAD=etc. (II. 11, Oor. 2.) 

A 0GB is the same multiple of A OAB that BG is of BA. 

Similarly, AOBL is the same multiple of A OBC that BL is of BC. 

Also, A0GB § AOBL, according as BG § bl. 

Thus of the four magnitudes A OAB, A OBC, and, the str. lines 
AB, BC, any equimultiples, viz. A 0GB and base QB, have been 
taken of the first and third, and any equimultiples, viz. AOBL 
and base BL, have been taken of the second and fourth; and it 
hah been phown that 

A 0GB = A OBL, according as BG g BL. 

.’. the four magnitudes are proportional; 

AOAB 

AOBC^BC' 

(2) *Par“ 0A«=2A0AB, and par® 0C«'2A0BC; 

par“ AO AB 
*' par“ OC ”bC ‘ 


Q.B.D. 
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Proposition B. Theorem. 

Parallfilograms which are equiangular to one another have to one 
another the ratio which is compounded of the ratios of their, sides. 

Let the par™ AC be equiangular to the 
par™ OF, having the z. BCD = a ECO., . 

• 'DUrT^ AC 

It is reqd. to prove that - „ ^.. =the ratio 
^ ^ par’” CF 

compounded of the ratios — and . 

.Let the par™* be placed bo that BC and 
CQ are in the same atr. bne. 

Then DC and CE are in one atr. line. 

, Complete the par™ DG. 

j)ar™ AC_BC 
par™ DG ~ CG ’ 

for the par™* have equal altitudes; (V. A.) 

and for the same reason 

par™ DG DC 
par™ CF“CE’ 

the ratio compounded of and 

^ par™ DG par™ CF 

^the ratio compounded of ^ and ^, 



i.e. by def. of compmmded ratio, 

^r™ CF Sompounded of ^ and 


DC 

CE’ 


Cob. 1. This'result may be stated thus; 


Q.B.D. 


.par™ AC rect. BC. CD 
pair™ ^"rect. CE.CQ ’ 

i.e. .parallelograms which are equiangular to one another are 
proportional to the rectangles contain^ by their adjqpent sides. 
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Cor. 2. Triangles which have one angle of the one equal to one 
angle of the other are to one another in the ratio compounded of the 
ratios of the sides about the egual angles. ' • 

Let BCD, ECG be two As, having their As at C equal. . 

I ABCD 

As they are halves of ihepar’^ AC, CF, it follows that — — 

ratio compounded of and • 

CG CE 

Q.E.D. 


Proposition C. Theorem. 


Equiangular parallelograms which are equal in area have their 
sides about the equal angles reciprocally proportional. 

Conversely, equiangular parallelograms which have the sides about 
the equal angles reciprocally proportional, are equal in area. 


Using the diagram of the previous Proposition, 
BC CE 

(1) We have to prove that . 


BC _par™ AC 
CG ~par“'DG 
_par"> CF 
par™ DG 
^EC 
CD ■ 

(2) Conversely, if = 


Oiven. 
. Q.E.D. 


We haveJo prove that par™ AC = par™ CF. 

Par™AC^BC_CE 
Par™ DG“ CG“CD 
_ par"' CF 
par™ DG ’ 


Oiven. 


pbr™ AC = par™CF. 


Q.E.D. 



APPENDIX TO BOOK V 
INVERSE POINTS. 

•Definition.— If from O the centre of a circle of radius r a 
straight line OAB is drawn so that the rect. OA.OB = r®, each 
of the points A and B is said to be the 
inverse of the other. 

It is evident that, of the points A and B, 
one will be within the circle and the other 
without it. 

If the pt. A moves on a given curve, it 
is evident that the pt. B will descrftie 
another curve. 

The locus of A is called the inverse of the locus of B, 

The inverse of a straight line. 

It is reqd, to find the inverse of 
the str. line AB with respect to the 
fixed poiq,t 0. 

From O dtaw any str. line OPQ 
to meet AB in P so that OP . OQ,=r^, 
whore r is constant. 

Draw OM perpf to AB and take a 
point N in it so that OM . 0(T=r®. 

0M.0N=r2=0P.0Q; 

P, Q, N, {fl are concyclic ;* 

.iPMN + VPQN = 2rt. ts. 

Buf lPMN is aft^z., Z.PQN is a rt. t., the locus of Q is 
a circle oh ON as diameter, for N is a fixed pt. 

f. the inverse of a str. line is a circle which passes through the 
fixed pt. 0, and has its centre in the perp from 0 to the given 
line. 
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The inverse of a circle with resped to a point on its cu 
cumferenoe. 

Prom 0 a pt. on the given circle draw OQ to meet the oircl 
in Q, and in OQ take a pt. P so that OP. OQ=r* (see diagran 
in the preceding problem). 

Dravk the diameter ON, and in it take a pt. M so tha 
OM.ON=)'2. 

As in the preceding prbblem, we can prove that r.PMt 
is a rt. L, and thus we see that the locus of P is a str. line 
perp' to ON. 

The inverse of a circle with respect to a point not on its circum¬ 
ference. 



Let 0 be the fixed pt., and from 0 draw OP to meet the given 
circle in P. Take a pt. Q in OP so that OP. OQ=r*, where r is 
constant! 

Let OP meet the circle again in P', and draw OA a tangent to 
the circle. 

OP. OQ=r® 

and OP.OP'=OA®; 

. . = a constant ratio. 

‘ , OP Ofi? « 

.’. from Ex. 2, p. 236, on Loci, we see that the locus of Q is a 
circle whose centre lies in the line from O to the centre of the 
given circle. 
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POLE AND POLAR. 

Definition.— If tangents are drawn at the extremities of any 
chord of a circle which passes through a fixed point, the locus 
of their intersection is called the polar of the point. Tfie fixed 
point is called the Pole of the Polar. 

In connection with poles and jafiafs of circles, the following 
proposition is most useful. 

If tangents QA, QB are drawn to a cirde, (he chord of contact AB, 
and OG, the line joining Q to the centre, are at right angles. 



Let OQ mpet AB at N. Join OA, OB. 

In the As OAQ, OBG, 

(1) QA = QB, 

(2) «A = OB, 

(3) OQ is common; 

AA0N = AB0N. 

Again in As a'on, BON, 

Jl)0A=dB, 

(2) ON is common, 

(3) '*AAON = aBON ; 

aANO = ABNO, f.e. the AS at N are rt. Aj. Q.E.D. 
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Let A8 be any chord of the circle passing thro, the fixed pt. 
P; QA, QB, the tangents at A and B. 

It is rcqd. iofind the locus of Q. 

Take 0 the centre of the circle. 


Join OQ meeting AB at N; and from Q draw QM perp’’ to OP 
produced if necessary. 

In the rt. angled AOAQ, AN is perp'' to the hyjxitenuse, by 
the previous proposition; 

.'. the As OAQ, ON A are similar ; (V. 9.) 


. ON^OA 
•• OA“OQ’ 


0N,0(a=0A“. 


The AS at M and N arc rt. As; 

.'. the pts. Q, P, M, N are concyolic; 

.-. OP.OM=ON .0Q=0A2. 

But P is a fixed pt.; .'. M also is, a fixed pt. 

.•. the locus of Q is a str. line thro, the pt. M at rt. as to OP. 

Hence the polar of a pt. P with respect to a circle of centre O 
is a str. line at rt. as to OP, and cutting it at a pt. M so that 
OM . OP=ilie sq. on the rad. of the circle, i.e. at the pt. inverse 
to P. - 
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CoROLLABY 1. When the point P lies on the circumterenoe 
)f the circle, the polar of P is the tangent at P. 

CoR(\LlARy 2. When the point P lies without the circle, 
let QM meet the circle at D and E. 

Then since OM . 0P = 0A2 = 0D2=0E’‘, we see tliat PD and PE 
arc tangents. • 

in this case, the polar of P is the chord of contact of 
the tangents drawn from P to the circle.^ 



If the pohr of P passes tlirongh Q, (he polar of Q passes 
through P. ^ 

In the accompanying diagram, take Q any pt. on the polar 
QM of the pt. P, and draw PN perjjr to OQ. Let r’be the 
radius of the circle. The As at M and N are rt. As; .'. the 
pts. Q, M, P, N are concyclic. 

ON.OQ=OP.OM=r*. 


.'. PN is the polar of Q, i.e. the jxilar of Q passes thro. P. 

Q.E.D. 


EXJIBCISBS. 

On Poles and Pol.ars. 

1. The straight line joining two iv>ints P and Q is the polar of the 

point of intersection of the polars of P and Q. LXVII. 1. 

2. The point of intersection of two straight lines is the pole of the 

straighifline joining tjjck poles. LXVII. 2. 

3. Find the locus of the poles of all straight lines which pass through 

•a @ven point. LXVII. 3. 

4. Any two points subtend at the centre of a circle an ande equal 

to that between their polars. JjXVII. 4. 
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Salmon’s Theobnm. 

6. The distsnces of any two points from the centre of a given circle 
are in the same ratio as the distance of each point from the polsr of the 
other. LXVII. 6. 

[Let P be the pole of MT, Q the pole of NT, 0 the centre; OM, QF 
perpt to MT j ON, PE perpr to NT; PR, QS perpr to OQ, OP. 

OS.OP=00.OR (for PSRQ is cyclic). 

OP.OM=r>=OQ.ON; 

. OM 00 OS OM -OS SM 
"ON OP OR ON-OR RN’ 

. 00_0F 1 
• • O P PE ■ J 

CENTRES OF SIMILARITY. SIMILITUDE. 

If two unequal similar figures are ’placed so that their corre¬ 
sponding sides are parallel, the lines joining their corresponding 
points are concurrent. 


0 


P 



R S 


Let POPS, P'O'R'S’ be two ungual similar and similarly 
situated figs., P, P' being corresponding pts. and so op. 

It is reqd. to prove that 

PP', 00', RR', S8' are concurrent. 
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Let PP' and QQ' meet in 0. 

PQ is II to P'Q'; As OPQ, OP'Q' are similar. 


. OP _ OQ _ PQ 
•• OP'“dQ'”P'^ ’ 

i.e. PP' and QQ' are divided externally, or internally, £ft 0 in 

*1 PQ 
the ratio ,. 

P'Q' 

In the same way QQ' and RR' meet at a pt. which divides 
them, externally or internally, in the ratio 


QR • ■ PQ 

Q'R', in the ratio 

PP', QQ', RR' are concurrent. 


Similarly 88' passes thro, the same pt. O. q.e.d. 

Sn^h a point 0 is called a centre of similarity of the two figures. 

If a common tangent AA' to two circlee wnd their line of centres 
PP' meet at O, and from O a straight line he, dravm to cat the circles 
at B, C, and B', C' respectively, the radii PC are respectively 
parallel to the radii P'B', P'C', and the rtctangles OA . OA', OB . OC', 
OC . OB' are equal to one another. 



Join PB, PC, AC, P'B', P'C', A'C'. 

APAO=a r«f A = aP'A'O ; 

.'. As PAO, P'A'O arc similar; 

. OP iNA PA 
•• dP'*“0^'"FA' 

CP 

~C^'‘ 

As OCP, OC'P' are similar; 
CP is II to C'P'. 


b2 


$. 0 . 
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In the same way, PB is 1| to P'B'. 
OA OP OC 


Also 


OA' OP' OC" 


AC is II to A'C'. 


OA OC OC 

Also sect. OC. OB=OA*; .. ™ = .^rr = ,; 

’ OB OA OA" 

rect. OA . OA' = rect. OB . OC'. 

In the same way rect. OA I OA'=rect. OC. OB'. 


Q.E.D. 


CoROLLAKY. From the above we see that the external common 
tangents to two circles divide the line of centres externally in the 
ratio of the radii. 

In the same way, it may be proved that the transverse common 
tangents divide the line of centres internally in the ratio of the 
radii. 


DEHNiTioif.—The points which divide the line of centres 
of two circles internally and externally in the ratio of the radii 
are called the internal and external centres of similitude of the 
circles. 


EXERCISES. 

On Centres of Simiutotb. 

1. Tbs straight line through the extremities of two parallel radii 
of two circles passes through one of their centres of similitude. 

Lxvm. 1. 

2. The six centres of similitude of three circles taken in pairs lie 

three by three in four straight lines, called axes of similitude of the 
circles. LXVm. 2. 

3. If two circles touch two others, the radical axis of either pair 
passes thprugh a centre of similitude c^the other pair. LXVIII. 3. 

4. If a variable circle touch two fixed circles, the straight line 

joining the points of contact paf^ through a centre of similitude of 
the fixed circles. * LXVIII. 4. 
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TRANSVERSALS. 

Dewnition. —^Any line, straight or curved, drawn to out a 
system of other lines is called a transversal. 

In the examples here given, straight lines only are dealt with. 

If a transversal is drawn to cut the sides, or the sides produced, 
of a triangle, the product of three alternate segments is equal to the 
product of the other three segments. 



Let ABC be a A, and let a transversal cut BC, CA, AB, or those 
sides produced, at D, E, and F. 

Then the product AE . BF . CD wilf be equal to the product 
AF. BD. CE. Through A draw AG parallel to BC to meet the 
transversal in G. 

In the equiangular As BFD, AFG, 


the product AF, BD =the product BF. AG 

• QQ Qg 

Also in the equiangular As CED, AEG, 


( 1 ) 


the product CD. AE =>the product AG. CE; 


from (1), 


CD.AE AG.CE CE 
AF.BD"MAq' BF’ 

.-. AE.BF.8D = CE.AF.BD. 


Q.E.D. 
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CONVERSE OP THE PRECEDING. 

If two points are taheii in the sides of a triangle, and c third 
point in the other side produced, or if three points are taken in the 
produced^ three sides of a triangle, such that the product of three 
alternate segments is equal to the product of the other three, the three 
points arc coUinear. 



If possiblfi let DE meet AB at H. 

Then, by the preceding, 

AH.BO.CE^-^BH.CD.AE. 

But by bypothcsiH, , 

AF.BD.CE=BF.CD.AE; 

. AH _BH 
„ • • AF “BF’ 

i.e. AB is divided in the same ratio at F and H. 

Also we sec that the pts. F and H are both either within AB 
or in AB produced ; 

the pts. F and H must be coincident, 
i.e. D, E, F are collinear. 
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OBVA’S THEOREM. 


If three comurrenl straight lines are drawn from the vertices of 
a trianfile to meet the opposite sides, produced if nerx^sary, the 
product of three allenuUe segments, taken in order, is eqml to the 
product of the other three. 

Conversely, if three straight lines drawn from the vertices of 
a triangle to cut the opposite sides {all the sides interualty, or orw 
internally and. two externally) so that, the. product of three alternate 
segments, taken in order, is egiuil to the product of the. other three, 
the three straight lines are concurrent. 



Let ABC be a A, and let AD, BE, CF passing through a pt. 0 
meet the opp. .sides in D, E, F. 

Then sliall AF . BD . CE --BF. CD . AE, 

Draw BM, CN per)F to AD. 

In the equiangular As BMD, CND, 


BD BM 
CD CN 
AAOB 
AAOC 


( 1 ) 


(for these As are on the«*amo bas<^ AO, and BM, C{I are their* 
altitudes).* 


Simtoly 

and 

?.'from (1), (2) and (3), 


CE ^BOC 
^“aaob’ 
AF AAOC, 

bf“aboc’ 

AF.BD^C^_ 

bf.cdTae^ 


.( 2 ) 


af.bd.ce=bf.cd.ae. 


(3) 
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To prove the converse, let AD, BE cut at 0, and if possible let 
CO pimuced cut A6 at G. 

By the above, AG. BD. CE=BG. CD. AE. 

But by hypothesis AF. BD. CE=BF. CD , AE. 

. AG BQ. 

' •• af“bf’ 

as in the preceding theorem, the pts. F and G must be coin¬ 
cident. 

i.e. AD, BE, CF are concurrent. 


HARMONIC SECTION. 

Definition. —^Whcn a finite straight line is divided internally 
and externally in the same ratio, it is said to be cut barmonically, 
and the four points thus obtained are said to be a Harmprao 
Range. ' 


A 


C B 


D 


Thus if AB is divided internally at C, and externally at D, so 
that ^ harmonically at C and D; and the four 

points A, C, B, D form a harmonic range. 

The points C and D are called Harmonic Conjugates, or are said 
to be harmonically conjugate to each other with respect to A and B. 

If the four points A, C, B, D are joined to any point 0 outside 
the range, the four lines OA, OC, OB, OD are called .vJifirmonio 
Pencil. 0 is called the vertex of the Pencil, and any one of the 
four straight lines is called a Ray. 

If a straight line AB is divided internally and externally at C 
and D in the same ratio, then CD is didtSed internally an4 externally 
at B and A in the same ratio. 


(See the preceding diagram.) 


By hypothesis. 


AC^^ . 
BC “BD ’ 


which proves the theorem. 


CA CB 
DA“bB’ 
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Tt^ivide a given straight Une AB imtemaUy and eiternaUy in 
the same ratio as the two given straight lines C and D. 



Thro. A and B draw any two parallel str. lines AE, FBQ ; making 
^E=C and BF=BG = D, as shown in the diagram. 

Let EF and EQ produced meet AB in P and Q. 


Viil^en will 


^_AQ_C 
re“QB“D ■ 


By parallels, the As AEP, BFP are equiangular; 
AP _AE 
•• re“BF 
C 

"o' 


In the same way, As AEQ, BGQ are equiangular; 
. AQ^AE 
■■ BQ~BG 

“o' 


.■. the str. line AB is (Jjjfided internally and externally at P • 
and Q in lie given ratio. * q.e.f. 

If the four points A, P, B, Q fo%in a Harmonic range, AQ, AB, AP 
are in Hartnonioal Progressiot^ 


A 


p 




By hypothesis, 


AQ 

BQ^BP’ 
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alternately, 


AQ BQ 
AP “ BP 


A(^AB, 
AB^AP ’ 


AQ, AB, AP are in Ilarmonical Progression. 

CoROLLABY. By a preceding proposition, PQ is divided 
internally and externally at B and A in the same ratio. 

.'. the pts. Q, B, P, A forni a Harmonic range. 

.'. QA, QP, QB are also in Ilarmonical Progression. 


EXERCISES. 

On IIaumonic Section. 

1. Find the Harmonic Mean between two given straight lines. 

(Take ABC so that A8 and AC are equal to the given str. linesl 
On BC as diameter describe circle, and from A draw tangents AD, AE 
to it. If the chd. of contact DE meets BC at F, AF will bo the H.M. 
reqd. Provo that DB and DC bisect interior and exterior Z.s of the 
AADF, and^^hence, by V. 3 and 4, that AF is divided internally and 
externally in the same ratio at B and C.) LXIX. 1, 

2. In the figure of the above example, if 0 is the centre of the 

circle, prove that AO is the Arithmetic and AD the Goomotrio Mean 
between AB and AC. Hence prove that the Arithmetic, the Geometric, 
and the Harmonic Means of two straight lines are in c^tinued 
proportion. '’***liXIX. 2. ' 

3. Any line cutting a circle, and passing through a fixed point, is 
cut harmonically by tlie circle, the point, and the polar of the pointl 

' «* LXIX. 3. 

4. If ABC be a triangle and CE a line through the vertex parallel 

to the base AB; then any transversal through D, the middle point 
of AB, will meet CE in a point whicl} will be the harmonic conjugate 
of D, with respect to the points in which the transversal meets the 
sides oi the triangle. ^ , LXIX. 4. 

5. AB is divided harmonically at C and D, and a harmonic pe^cjl, 
vertex 0, ih drawn. Through C a straight lino ECF is drawn parade, 
to OD to meetOA, and OB at E and F. Prove that EC=CF. 

• LXIX. 6. 
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•Any trE^rersal cutting a harmonic pencil is divided harmonically. 

LXIX. 6. 

7. Jhree points A, B, C being in the same straight line, find two 
points equidistant from C which divide the segment AB harmonica^. 

8. All straight lines cutting the arms of an angle and tfle^ internal 
and external bisectots of the angle are divided harmonically. 

LXIX. 8. 










